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THE CUBIC SZEGO EQUATION AND 
HANKEL OPERATORS 


Patrick Gerard, Sandrine Grellier 


Abstract. — 

This monograph is an expanded version of the preprint [16] It is de¬ 
voted to the dynamics on Sobolev spaces of the cubic Szego equation on 
the circle 

idtu = n(|u|^M) . 

Here H denotes the orthogonal projector from onto the subspace 

of functions with nonnegative Fourier modes. We construct a non¬ 
linear Fourier transformation on fl allowing to describe 

explicitly the solutions of this equation with data in n 

This explicit description implies almost-periodicity of every solution in 
1 

Furthermore, it allows to display the following turbulence phe¬ 
nomenon. For a dense Gs subset of initial data in fl the 

solutions tend to inhnity in for every s > | with super-polynomial 
growth on some sequence of times, while they go back to their initial data 
on another sequence of times tending to inhnity. This transformation is 
dehned by solving a general inverse spectral problem involving singular 
values of a Hilbert-Schmidt Hankel operator and of its shifted Hankel 
operator. 
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Resume. — Cette monographie est une version etendue de la 
prepublication [ 16 ]. 

Elle est consacree a I’etude de la dynamique, dans les espaces de Sobolev, 
de I’equation de Szego cubique sur le cercle 

idtu = ndtipti) , 

on n designe le projecteur orthogonal de sur le sous-espace 

des fonctions a modes de Fourier positifs on nuls. On construit 

une transformee de Fourier non lineaire sur O permet- 

tant de resoudre explicitement cette equation avec donnees initiates 

dans O Ces formules explicites entrainent la presque 

1 

periodicite des solutions dans HI. Par ailleurs, elles permettent de 
mettre en evidence le phenomene de turbulence suivant. Pour un Gs 
dense de donnees initiates de nL^(§^), les solutions tendent vers 

I’infini a vitesse sur-polynomiale en norme pour tout s > | sur 

une suite de temps, alors qu’elles retournent vers leur donnee initiate sur 
une autre suite de temps tendant vers I’infini. Cette transformation est 
definie via la resolution d’un probleme spectral inverse lie aux valeurs 
singulieres d’un operateur de Hankel Hilbert-Schmidt et de son operateur 
decale. 
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CHAPTER 1 


INTRODUCTION 


The large time behavior of solutions to Hamiltonian partial differential 
equations is an important problem in mathematical physics. In the case 
of hnite dimensional Hamiltonian systems, many features of the large 
time behavior of trajectories are described using the topology of the 
phase space. For a given infinite dimensional system, several natural 
phase spaces, with different topologies, can be chosen, and the large time 
properties may strongly depend on the choice of such topologies. For 
instance, it is known that the cubic defocusing nonlinear Schrodinger 
equation 

idtu + Am = |m|^m 

posed on a Riemannian manifold M of dimension d = 1, 2, 3 with suffi¬ 
ciently uniform properties at infinity, defines a global flow on the Sobolev 
spaces H^{M) for every s > 1. In this case, a typical large time behav¬ 
ior of interest is the boundedness of trajectories. On the energy space 
the conservation of energy trivially implies that all the trajec¬ 
tories are bounded. On the other hand, the existence of unbounded 
trajectories in H^{M) for s > 1 as well as bounds of the growth in time 
of the H^{M) norms is a long standing problem [6]. As a way to de¬ 
tect and to measure the transfer of energy to small scales, this problem 
is naturally connected to wave turbulence. In [7] and [44], it has been 
established that big norms grow at most polynomially in time. Ex¬ 
istence of unbounded trajectories only recently [24] received a positive 
answer in some very special cases, while several instability results were 
already obtained [9], [22], [23], [26], [21]. Natural model problems for 
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studying these phenomena seem to be those for which the calculation 
of solutions is the most explicit, namely integrable systems. Continuing 
with the example of nonlinear Schrodinger equations, a typical example 
is the one dimensional cubic nonlinear Schrodinger defocusing equation 
([49]). However, in this case, the set of conservation laws is known to 
control the whole regularity of the solution, so that all the trajectories of 
H^{M) are bounded in H^{M) for every nonnegative integer s. In fact, 
when the equation is posed on the circle, the recent results of [ 20 ] show 
that, for every such s, the trajectories in H^{M) are almost periodic in 

The goal of this monograph is to study an integrable inhnite dimensional 
system, connected to a nonlinear wave equation, with a dramatically 
different large time behavior of its trajectories according to the regularity 
of the phase space. 

Following [33] and [48], it is natural to change the dispersion relation by 
considering the family of equations, a < 2, 

idtu — = \u\‘^u 

posed on the circle where the operator is dehned by 

\D\°‘u{k) = \k\‘^u{k) 

for every distribution u G Numerical simulations in [33] and [48] 

suggest weak turbulence. For 1 < a < 2, it is possible to recover at most 
polynomial growth of the Sobolev norms ([45]). In the case a = 1, the 
so-called half-wave equation 

(1.0.1) idtU — \D\u = \u\‘^u 

dehnes a global flow on iJ^(S^) for every s > ^ ( [15] — see also [41]). 
In that case, the only available bound of the FT^-norms is e'^*^ ([45]), due 
to the lack of dispersion. Therefore, the special case a = 1 seems to be 
a more favorable framework for displaying wave turbulence effects. 
Notice that this equation can be reformulated as a system, using the 
Szego projector H dehned on T>'(§^) as 

Ilu{k) = lk>ou{k) . 


CHAPTER 1. INTRODUCTION 


3 


Indeed, setting := Hu := {I — lV)u , equation (1.0.1) is equivalent 
to the system 

f i{dt + d^)u+ = n(|MpM) 

\ i{dt - d^)u_ = (/ - n)(|MpM) 

Furthermore, if the initial datum uq satishes uq = IImo and belongs to 
s > 1, with a small norm e, then the corresponding solution u is 
approximated by the solution v of 

(1.0.2) i{dt + d^)v = ndnl^n) , 

for |f| < ^ log i [15] [41]. In other words, the first nonlinear effects in 
the above system arise through a decoupling of the two equations. Notice 
that an elementary change of variable in equation (1.0.2) reduces it to 

(1.0.3) idtu = ndtip-u) . 

Equation (1.0.3) therefore appears as a model evolution for describing 
the dynamics of the half-wave equation (1.0.1). We introduced it in [11] 
under the name cubic Szego equation. In this reference, global wellposed- 
ness of the initial value problem was established on 

ff:(S‘):=jy*(S‘)nU(S‘), s>i, 

where L^(S^) denotes the range of 11 on L^(§^), namely the functions 

on the circle with only nonnegative Fourier modes. Notice that L^(§^) 

can be identihed to the Hardy space of holomorphic functions on the 

unit disc D with traces on the boundary. Similarly, the phase space 
1 

can be identihed to the Dirichlet space of holomorphic functions 
on D with derivative in L^(D) for the Lebesgue measure. In the sequel, 
we will freely adopt either the representation on or the one on D. 

The new feature discovered in [ 11 ] is that equation (1.0.3) enjoys a Lax 
pair structure, in connection with Hankel operators — see the end of the 
introduction for a dehnition of these operators. As a hrst consequence, 
we proved that the norms, for s > 1, evolve at most with exponential 
growth. 

Using this Lax pair structure, we also proved that (1.0.3) admits hnite 
dimensional invariant symplectic manifolds of arbitrary dimension, made 
of rational functions of the variable 2; in D. Furthermore, the dynamics 
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on these manifolds is integrable in the sense of Liouville. In [12], we 
introduced action angle variables on open dense subsets of these invariant 
manifolds and on a dense Gs subset of Finally, in [13], we 

established an explicit formula for all solutions of (1.0.3) which allowed 
us to prove quasiperiodicity of all trajectories made of rational functions. 
In particular, this implies that every such trajectory is bounded in all 
the spaces. However, the explicit formula in [13] was not adapted 
to study almost periodicity of non rational solutions nor boundedness of 
non-rational H^-trajectories for s > |. 

The main purpose of this monograph is to construct a global nonlin¬ 
ear Fourier transform on the space allowing to describe more 

precisely the cubic Szego dynamics. As a consequence, we obtain the 
following results. First we introduce a convenient notation. We de¬ 
note by Z the nonlinear evolution group dehned by (1.0.3) on 
In other words, for every Uq G ify^(§^), t i—)■ Z{t)uo is the solution 
u G C(M, Fry^) of equation (1.0.3) such that m(0) = Uq. We also set 
^“(Si) :=C'°°(§i)nL^(§i). 

Theorem 1. — 

1. For every uq G the mapping 

t G M ^ z{t)uo G Fiyysy 

is almost periodic. 

2. There exists initial data Uq G C“(S^) and sequences (in), (G) tend¬ 
ing to infinity such that Vs > | , VM G 

\\Z(tn)uQ'^H^ 

\in\^ ^ ’ 

and Z{tfi)uQ —> Uq in (7°°. Furthermore, the set of such initial 

n^oo 

data is a dense Gs subset o/C'“(S^). 

Remark 1. — - One could wonder about the influence of the Szego 

projector in the equation (1.0.3) and consider the equation without 
the projector H 

idtu = \u\‘^u. 
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In that case, u{t) = e and 

Hence the action of the Szego projector both accelerates the energy 
transfer to high freguencies, and facilitates the transition to low fre- 
guencies. 

- The above theorem is an expression of some intermittency phe¬ 
nomenon. Notice that, on the real line, explicit examples with 
infinite limit at infinity are given in [40] with \\Z{t)uo\\H‘> ^ \t\^" 

- The exponential rate is expected to be optimal but the guestion re¬ 
mains open for the cubic Szego eguation. However, for the perturba¬ 
tion 

idtu = n(|wpM) + m(0), 

explicit examples such that the Sobolev norms tends exponentially to 
infinity are given in [46]. 

- Existence of unbounded trajectories for the half-wave eguation (1.0.1) 
is an open problem. However, unbounded trajectories have been re¬ 
cently exhibited in [47] for 

^2 

idtU +-;:^u — \DAu = \u\^u, {x,y) 
ox^ 

by adapting the method developed in [24], 


We now give an overview of the nonlinear Fourier transform. First we 
introduce some additional notation. Given a positive integer n, we set 


Gn := {Sl > S2 > • • • > Sn > 0} C M” . 


Given a nonnegative integer d > 0, we recall that a Blaschke product of 
degree d is a rational function on C of the form 

d 

n f eT , Pj eB . 

Alternatively, Ik can be written as 




z^Pil) 




where ^ G T is called the angle of and P is a monic polynomial 
of degree d with all its roots in D. Such polynomials are called Schur 
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polynomials. We denote by Bd the set of Blaschke prodncts of degree 
d. It is a classical resnlt — see e.g. [27] or section 3.5 — that Bd is 
diffeomorphic to T x 


Given a n-tnple {di, , d^) of nonnegative integers, we set 

n 

Bdi,...,dn ■— X Bd.^ , 

r=l 

endowed with the natural product topology. Given a sequence 

f2) 

(dr)r>i of nonnegative integers, we denote by the set of pairs 

((■Sr)r>l, (^'r)r>l) G X 1 ^dr SUch that 

oo 

Si > • • • > Sn > * • • > 0 , '^(dr + l)s^ < oo . 

r=l 


( 2 ) 

We also endow with the natural topology. 

Finally, we denote by Sn the union of all Sdj^,... 4 „ over all the n-tuples 
{di,... ,dn)-, and by the union of all over all the sequences 
(dr)r>i- Given (s, G Sn and 2 ; G C, we dehne the matrix 'if(z) : = 
^')(x) as follows. If n = 2q, the coefficients of '^(s, are given 

by 


(1.0.4) 


Cjk{z) 


- 2 - 2 -- ’ J,k = l,...,q . 

4-1 - 4 


If n = 2g — 1, we use the same formula as above, with S 2 g = 0. 


Theorem 2. — For every n > 1, for every (s, G Sn, for every G D, 
the matrix'^{s,'^){z) is invertible. We set 


1 ;= 


/ 1 \ 


V 1 / 


g 

and (X,F) ■.= J2^kYk. 

k=l 


(1.0.5) 

where 
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For every (s, G , the sequence {uq)q>i with 

Uq := m((Si, . . . , S2g), (^1, . . . , ^2g)), 

is strongly convergent in We denote its limit by m(s, 

The mapping 

OO 

(s, D) e U 5„ u Sg> ^ ti(s, »>) e \ {0} 

n=l 

(‘ 2 ') 

is bijective. Furthermore, its restriction to every S(^di,...,dn) ^{dr) 

a homeomorphism onto its range. 

Finally, the solution at time t of equation (1.0.3) with initial data 
Uq = m(s, is m(s, where 

Using Theorem 2, it is easy to prove the hrst assertion of Theorem 
1. As for the second assertion of Theorem 1, it heavily relies on a new 
phenomenon, which is the loss of continnity of the map (s, i— )■ m(s, 

as several consecutive s^’s are collapsing. 


Let us explain briefly how the nonlinear Fourier transform is related to 
spectral analysis. If m G recall that the Hankel operator of 

symbol u is the operator Hu : —)■ L^(S^) dehned by 

Hu{h) = U{uh) . 

It can be shown that is a positive selfadjoint trace class operator. If 
S is the shift operator dehned by 

Sh{z) = zh{z) , 


Hu satishes 


S*Hu = HuS = Hs*u . 


We denote by Ku this new Hankel operator. Let us say that a positive 
real number s is a singular value associated to u if is an eigenvalue 
of H^ or The main point in Theorem 2 is that the list si > • • • > 
Sr > ■ ■ ■ is the list of singular values associated to m = m(s, and that 
the corresponding list Ti,..., ... describes the action of Hu and of 

Ku on the possibly multidimensional eigenspaces of Hfi, respectively. 
This makes more precise a theorem of Adamyan-Arov-Krein about the 
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structure of Schmidt pairs of Hankel operators [1]. We refer to section 3.5 
for more details. As a consequence of Theorem 2, we get inverse spectral 
theorems on Hankel operators, which generalize to singnlar valnes with 
arbitrary mnltiplicity the ones we had proved in [12] and [13] for simple 
singnlar valnes. Therefore the nonlinear Fonrier transform can be seen 
as an inverse spectral transform. 

We close this intro dnction by describing the organization of this mono¬ 
graph. In chapter 2 we recall the Lax pair strnctnre discovered in [11] and 
its application to large time bounds for high Sobolev norms of solutions 
to the cnbic Szegd eqnation. Chapter 3 is devoted to the stndy of sin¬ 
gnlar valnes of Hankel operators Hu and Ku- In particnlar we introdnce 
the Blaschke prodncts T, which provide the key of the nnderstanding of 
mnltiplicity phenomena. Chapter 4 contains the proof of the first part 
of Theorem 2, establishing the one to one character and the continn- 
ity of the nonlinear Fonrier transform. Chapter 5 completes the proof 
of Theorem 2 by describing the Szegd dynamics throngh the nonlinear 
Fonrier transform, and infers the almost periodicity property of solutions 
as claimed in the hrst part of Theorem 1. In Chapter 6, we establish the 
Baire genericity of nnbonnded trajectories in for every s > ^ as stated 
in the second part of Theorem 1. The main ingredient is an instability 
phenomenon induced by the collapse of consecutive singular values. Fi¬ 
nally, Chapter 7 addresses varions geometric aspects of onr nonlinear 
Fonrier transform in connection to the Szegd hierarchy defined in [11]. 
Specihcally, we show how the nonlinear Fonrier transform allows to de- 
hne action angle variables on special invariant symplectic snbmanifolds 
of the phase space, and we discuss the structure of the corresponding 
Lagrangian tori obtained by freezing the action variables. 

Let us mention that part of these resnlts was the content of the prelimi¬ 
nary preprint [16], and that another part was annonnced in the proceed¬ 
ings paper [17]. 


CHAPTER 2 


HANKEL OPERATORS AND THE LAX 
PAIR STRUCTURE 


As we pointed out in the introduction, Hankel operators arise naturally 
to understand the cubic Szego equation. In this chapter, we first give 
some basic dehnition and properties of Hankel operators and we recall 
the Lax pair structure of the cubic Szego equation. Finally, we show how 
to use this structure to get large time bounds for high Sobolev norms of 
solutions to the cubic Szego equation. 

2.1. Hankel operators and 

1 

Let u G We denote by the C-antilinear operator dehned 

on L^(S^) as 

H^{h) = U{uh) , h G U(§^) . 

In terms of Fourier coefficients, this operator reads 

OO _ 

Hu{h){n) = 'Y^u{n + p)h{p) . 

p=0 

In particular, its Hilbert-Schmidt norm 

\\Hu\\hs = ( \Hn + p)\^Y/^ = ~ 

n,p>0 i>0 

1 

is hnite for u G and 

( 2 - 1 . 1 ) \\Hu\\ciLl) < \\Hu\\hs ■ 
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We call Hu the Hankel operator of symbol u. It is well known from 
Kronecker’s theorem, [30], [37], [39], that Hu is of hnite rank if and only 
if M is a rational function without poles in the closure of the unit disc. 

In fact, the definition of Hankel operators may be extended to a larger 
class of symbol. By the Nehari theorem ([36]), Hu is well defined and 
bounded on if and only if u belongs to n(L°°(S^)) or equivalently 

to BMO+{S^). Moreover, by the Hartman theorem ([25]), it is a com¬ 
pact operator if and only if u is the projection of a continuous function 
on the torus, or equivalently if and only if it belongs to VMO+{§>^) with 
equivalent norms. In the following, we will mainly consider the class of 
Hilbert-Schmidt Hankel operators. We will generalize part of our result 
to compact Hankel operators in section 4.3. 

Notice that this definition of Hankel operators is different from the 
standard ones used in references [37], [39], where Hankel operators are 
rather defined as linear operators from into its orthogonal comple¬ 
ment. The link between these two definitions can be easily established 
by means of the involution 

/'(e“) = e-“7(i^ . 

Notice also that Hu satisfies the following self adjointness identity, 

(2.1.2) iHu{h)\h2) = {Hu{h2)\h) , h,h2 e LliS^) . 

In particular, Hu is a M-linear symmetric operator for the real inner 
product 

{hi, h2) := Re{hi\h2) . 

A fundamental property of Hankel operators is their connection with the 
shift operator S, defined on L^(§^) as 

^M(e“) = e*"n(e*") . 

This property reads 

S*Hu = HuS = Hs^u , 

where S* denotes the adjoint of S. We denote by Ku this operator, and 
call it the shifted Hankel operator of symbol u. Hence 

(2.1.3) Ku:=S*Hu = HuS = Hs^u • 
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Notice that, for u G Ku is Hilbert-Schmidt and symmetric 

as well. As a consequence, operators and are C-linear trace 
class positive operators on Recall that the singular values of 

Hu and Ku correspond to the square roots of the eigenvalues of the self- 
adjoint positive operators and K^. Moreover, operators and 
are related by the following important identity, 

(2.1.4) = 

Let us consider the special case where Hu is an operator of hnite rank 
N. From identity (2.1.2), Hu and H^ have the same kernel, hence have 
the same rank. Then (2.1.4) implies that the rank of Ku is N — 1 oi N. 

Definition 1. — If d is a positive integer, we denote by V{d) the set of 
symbols u such that the sum of the rank of Hu and of the rank of Ku is 

d. 


The Kronecker theorem can be made more precise by the following 
statement, see the appendix of [11]. The set V{d) is a complex Kahler 
d-dimensional submanifold of L^(S^), which consists of functions of the 
form 



A(e“) 

R(e“) ’ 


where A, B are polynomials with no common factors, B has no zero in 
the closed unit disc, 5(0) = 1, and 

- If d = 2N is even, the degree of A is at most — 1 and the degree 
of B is exactly N. 

- If d = 2N — 1 is odd, the degree of A is exactly N — 1 and the degree 
of B is at most — 1. 


2.2. The Lax pair structure 

In this section, we recall the Lax pairs associated to the cubic Szegd 
equation, see [11], [12], First we introduce the notion of a Toeplitz 
operator. Given b G L°°(§^), we dehne ■. K]^ ^ as 

(2.2.1) Tb(h) = U{bh) , hell . 
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Notice that is bounded and = T^. The starting point is the follow¬ 
ing lemma. 

Lemma 1. — Let a,b,cG H^, s > |. Then 

^Uiabc) = TabHc + HaTbc - HaHbH^ . 


Proof. — Given h G we have 

Hn(abc){h) = Il{ahch) = n(a6n(ch)) + n(a6(J - n)(ch)) 
= T^bHc{h) + Ha{g) , g := h{I-Ii){ch) . 


Since g & 

g = U{g) = U{bch) - U{bU{ch)) = Tb-,{h) - HbH,{h) . 

This completes the proof. □ 

Using Lemma 1 with a = b = c = u, we get 

( 2 . 2 . 2 ) Hu{\u\^u) = T\u\2Hu + HuT\u\ 2 - Hi . 

Theorem 3. — Let u G G°°(R, be a solution of (1.0.3). 

Then 


dHu 

dt 

dKy^ 

dt 


[Bu, Hu] , Bu := -Hi - iT\u\2 , 
[Cu^Ku] , Cu-.= "-Kl-iT\u\2 . 


Proof. — Using equation (1.0.3) and identity (2.2.2), 


H —iYl(\u\'^u) ^Hyi(]^u\^u) 'liT\^u\'^Hu -|- HuT\^u\'^ ^u) • 

Using the antilinearity of Hu, this leads to the hrst identity. For the 
second one, we observe that 

(2.2.3) Kin^u\^u) = Hii{\u\2u)S = T\u\^HuS P iL^Tj^pS' - HlS . 
Moreover, notice that 


Tb{Sh) = STb{h) + {bSh\l) . 
In the case b = |mP, this gives 

T|„p^h = ST\u\ 2 h + {\u\'^Sh\l) . 
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Moreover, 


Consequently, 


(|MpS'/i|l) = {u\uSh) = {u\Ku{h)) . 


HuT\u\^Sh = KuT\u\'^h + {Ku{h)\u)u . 
Coming back to (2.2.3), we obtain 

■^n(|upn) 3” ('• 

Using identity (2.1.4), this leads to 


(2.2.4) .h'ndupii) = T\u\^Ku + KuT\u\^ - Kl . 

The second identity is therefore a consequence of antilinearity and of 


dK^ 

dt 




□ 


In the sequel, we denote by C{L‘^) the Banach space of bounded linear 
operators on L^. Observing that Bu,Cu are linear and antiselfadjoint, 
we obtain, following a classical argument due to Lax [31], 

Corollary 1. — Under the conditions of Theorem 3, define U = U{t), 
V = V{t) the solutions of the following linear ODEs on C{L‘]f), 

f = = C„V.t/(0) = V(0) = /, 

Then U(t),V(t) are unitary operators and 

= U{t)H^^0)U{tr , = V{t)K^^0)V{ty . 

In other words, the Hankel operators Hu and Ku remain unitarily 
equivalent to the Hankel operators associated to their initial data under 
the cubic Szego flow for initial datum in if^(S^), s > 1/2. In particular, 
the cubic Szego flow preserves the eigenvalues of and of hence the 
singular values of Hu and Ku- By a standard continuity argument, this 
result extends to initial data in iLy^(S^). We recover that the Hilbert- 
Schmidt norm- being the £^-norm of the singular values of Hu- hence the 
H_f norm of the symbol is a conservation law. It is therefore natural to 
study the spectral properties of these Hankel operators. 
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As a special case, the ranks of and Ku are conserved by the cn- 
bic Szego flow, which therefore acts as a Hamiltonian flow on all the 
symplectic manifolds V{d). 

2.3. Application: an exponential bonnd for Sobolev norms 

In this short section, we show how the Lax pair structnre, combined 
with harmonic analysis results on Hankel operators, lead to an a priori 
bound on the possible long time growth of the Sobolev norms of the 
solution. 

From the work of Feller ([39]), a Hankel operator belongs to the Schatten 
class S'p, 1 < p < oo, if and only if its symbol belongs to the Besov space 
with 

Tr(lHj^) ^ llnf ,, . 

d^p,p 

In particular, since, for every s > 1, C C we 

obtain 

(2.3.1) < ATr(|iL„|) < s > 1. 

This provides the following result, already observed in [11], 

Theorem 4- — (IHjj- every datum Uq G for some s > 1, the 
solution is hounded in L°°, with 

(2.3.2) sup \\Z{t)uo\\L-o < . 

teK 

Furthermore, 

(2.3.3) \\Z{t)uo\\Hs < s > 1. 

Proof. — The hrst statement is an immediate consequence of (2.3.1) and 
of the conservation law 

From Duhamel formula, u{t) := Z{t)uo is given by 

t 

u(t) := Uq — i j Y\.{\u\^u){t')dt' , 

0 


2.3. APPLICATION: AN EXPONENTIAL BOUND FOR SOBOLEV NORMS 15 


SO that 

t 

IImWII/io < + j \\\u{t')\‘^u{t')\\H‘>dt' 

0 

t 

< \\uq\\h‘ + Ds j \\u{t')\\\^\\u{t')\\Hsdt 

0 

t 

< II'^oIIh'* + dDgC'g J 

0 

and the bound (2.3.3) follows from the Gronwall lemma. □ 


CHAPTER 3 


SPECTRAL ANALYSIS 


In this chapter, we establish several properties of singular values of 
Hankel operators Hu and Ku introduced in Chapter 1. In particular, 
we prove - see Lemma 2 — that, for a given singular value of either 
Hu or Ku, the difference of the multiplicities is 1. In section 3.2 we re¬ 
view trace and determinant formulae relating the singular values to other 
norming constants. In section 3.4, we revisit two important theorems by 
Adamyan-Arov-Krein on the structure of Schmidt pairs for Hankel op¬ 
erators, and on approximation of arbitrary symbols by rational symbols. 
Section 3.5 is the most important one of this chapter. Choosing special 
Schmidt pairs, we construct Blaschke products which allow to describe 
the action of Hu and Ku on the eigenspaces of H^ and K^. 


3.1. Spectral decomposition of the operators Hu and Ku 

This section is devoted to a precise spectral analysis of operators H'^ 
and K^ on the closed range of Hu- This spectral analysis is closely related 
to the construction of our non linear Fourier transform. 

For every s > 0 and u G VMO+{E>^) := 'FMO(S^) fl we set 

(3.1.1) Eu{s) := keiiHl - s^I) , Fu{s) := keT{Kl - s^I) . 

Notice that Eu{0) = ker Hu , Eu{0) = ker Ku- Moreover, from the com¬ 
pactness of Hu, if s > 0, Eu{s) and Eu{s) are finite dimensional. Using 
(2.1.3) and (2.1.4), one can show the following result. 
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Lemma 2. — Let u G VMO+{Ei^) \ {0} and s > 0 such that 

Eu{s) + Fu{s) 7^ {0} . 

Then one of the following properties holds. 

1. dimE„(s) = dimF„(s) + 1, u JL Eu{s), and F„(s) = Eu{s) (^u^. 

2. dimF^i(s) = dimii^„(s) + 1, m / Eu{s), and Eu{s) = Eu{s) fl u-^. 

Proof — Let s > 0 be such that Eu{s) + F„(s) ^ {0}. We first claim 
that either u _L Eu{s) or u _L F„(s). Assume first u / Eu{s), then there 
exists h G Eu{s) such that (h|-u) ^ 0. From equation (2.1.4), 

-{h\u)u = {Kl - s^I)h G (F;(s))^ , 

hence u A Eu{s). Similarly, if u / -^n(s), then u A Eu{s). 

Assume u A F„(s). Then, for any h G Eu{s), as = Edf^ — {■\u)u, 
E^uW = E^{h) = s'^h, hence Eu{s) C Eu{s). We claim that this inclusion 
is strict. Indeed, suppose it is an equality. Then Hu and Ku are both 
automorphisms of the vector space 

N := Fu{s) = Eu{s) . 

Consequently, since Ku = S*Hu, S*{N) C N. On the other hand, since 
every h G A^ is orthogonal to u, we have 

0={Hu{h)\u) = {l\Hlh) = s^{l\h) , 

hence A^ A 1. Therefore, for every h E N, for every integer k, {S*)^{h) A 
1. Since S'^(l) = z^, we conclude that all the Fourier coefficients of h 
are 0, hence N = {0}, a contradiction. Hence, the inclusion of Eu{s) in 
Eu{s) is strict and, necessarily u / Eu{s) and A„(s) = Eu{s) One 

also has dim = dimF„(s) A 1. 

One proves as well that if u A Eu{s) then u / Eu{s), Eu{s) = Eu{s) Pu^ 
and dimF„(s) = dimA 1. This gives the result. □ 

We define 

(3.1.2) Tniu) \= {s>Q] u ^ Eu{s)] , 

(3.1.3) Sx(m) := {s > 0; M / F„(s)} . 

Remark first that 0 ^ since u = Hu{l) belongs to the range of 

Hu hence, is orthogonal to its kernel. From Lemma 2, if s G S//(m) 
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then dimi?„(s) = dimF„(s) + 1 and if s G Sx(m) \ {0}, diniF„(s) = 
dinii?,j(s) + 1. Consequently, T^uiu) and Sk(m) are disjoint. We will use 
the following terminology. 

If s G we say that s is H-dominant. 

If s G Sx(m) \ {0}, we say that s is K-dominant. 

Elements of the set T,h{u) U {T,k{u) \ {0}) are called singular values 
associated to u. If s is such a singular value, the dominant multiplicity 
of s is dehned to be the maximum of dimE„(s) and of dimF„(s). 

Lemma 3. — 1. T^uiu) and have the same cardinality. 

2. If (pj) denotes the decreasing sequence of elements of J1 h{u), and 
{(Jk) the decreasing sequence of elements ofUxiu), then 

pi> ai> p2> ... 

Proof — Since — (. \u)u, the cyclic spaces generated by u 

under the action of and K^, namely 

{u)h^ := clos span{i7^^, /c G N} 

(m)x 2 := clos span{i^^^^, A; G N} 

are equal. By the spectral theory of and of we have the orthogonal 
decompositions, 

-h+ = ®s>0-£'n('S) = ®s>oFu{s) . 

Writing u according to these two orthogonal decompositions yields 

PC.T.h{u) aCT.K(u) 

Consequently, the cyclic spaces are given by 

{F} ®pgE^(ti)C'Up , (u) ®(TGS/f(tj)C'Uj,. . 

This proves that 'Ph{u) and have the same — possibly inhnite — 

number of elements. 

Now, we show that the singular values are alternatively if-dominant and 
i^-dominant. Recall that the singular values of a bounded operator T 
on a Hilbert space "H, are given by the following min-max formula. For 
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every m > 1, denote by J^ra the set of linear subspaces of "H of dimension 
at most m. The m-th singular value of T is given by 

(3.1.4) A^(T) = niin ini^ ||T(/)||- 

EG.T^-1/SF-L,11/11=1 

Using equation (2.1.4) and this formula, we get 

> X,{Kl) >... 

Let = Ai(if^). We claim that si is Lf-dominant. Indeed, denote by 
mi the dimension of Eu{si). Hence, 

s? = = ■■■ = X^.iHl) > X^.^^iHl). 

Since 

< Xmi+i{Hl) < si, 

the dimension of Fu{si) is at most mi. Hence by Lemma 2, it is exactly 
mi — 1. Let si = Xmi{Kl). Denote by m 2 the dimension of F„(s 2 ) so 
that 

^2 ^rnii^u) ' ‘ ' ^mi+m2 — l{^u) ^ '^mi+m2 (-^u) — '^mi+m2+l (hf^j) • 

As before, it implies that the dimension of Eu{s 2 ) is at most m 2 . By 
Lemma 2, the dimension of Eu{s 2 ) is m 2 — 1 and S 2 is iL-dominant. An 
easy induction argument allows to conclude. 

□ 

At this stage, we introduce special classes of functions on the circle, 
connected to the properties of the associated singular values. Given a £- 
nite sequence (di ,..., dn) of nonnegative integers, we denote by V(di,...,d„) 
the class of functions u having n associated singular values si > • • • > s„, 
of dominant multiplicities di + 1,..., + 1 respectively. In view of def¬ 

inition 1, we observe that 

n 

(3.1.5) V(du...,d^) C V(d) , d = n + 2 d, . 

(s') 

Similarly, given a sequence (dr)r>i of nonnegative integers, the 

class of functions u G id^(§^) having a decreasing sequence of associated 
singular values with dominant multiplicities (d^ -|- l)r>i- 
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Lemma 4- — Let p G ^h{u) and a G T,k{u); let Up and u'^ denote 
respectively the orthogonal projections of u onto Eu{p), and onto F«(cr), 
then 


1. If p 6 

(3.1.6) 

2 . If a € Ea-(«), 

(3.1.7) 


Up 


Un 


E 

(TeSx(ii) 


u' 


p^ 








peSniu) 



3. A nonnegative number a belongs to T,k{u) if and only if it does not 
belong to T,h{u) and 


(3.1.8) 


E 

P&T.h(u) 



1 . 


Proof. — Let us prove (3.1.6) and (3.1.7). Observe that, by the Fredholm 
alternative, for a > 0, Hfi — a^I is an automorphism of Eu{a)^. Conse¬ 
quently, if moreover a G T>k{.u), u G Eu{cr)^ and there exists v G Eu{(t)^ 
unique such that 

{Hi - a^I)v = u . 

We set V := {Hi — a'^I)~^{u). If cr = 0 G (Jk{u)., of course Hi is no 
more a Fredholm operator. However let us prove that there still exists 
w G F'„(0)-‘“ such that 

Hl{w) = u . 

Indeed, Eu{0) = ker Hi = ker Hu, Eu{0) = keriF^ = keriF„, and since 
Ku = S*Hu, therefore Eu{0) C F„(0). As u = Hu{l) G Ran{Hu) C 
Eu{0)-^, the hypothesis u / Eu{0) implies that the inclusion Eu{0) C 
Eu{0) is strict. This means that there exists w G F„(0) fl i7u(0)-‘“, w ^ 0. 
It means S*Hu{w) = 0 hence HuW is a constant function which is not zero 
since w G Eu{0)-^. Multiplying to by a convenient complex number we 
may assume that Hu{w) = 1, whence Hl{w) = u, and this characterizes 
w G F'„(0)-‘-. Again we set w := {Hl)~^{u) . 

For every a G 'Pk{u), the equation 

Klh = cr^h 
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is equivalent to 

{Hi - a‘^I)h = {h\u)u , 
or h e C{Hl — cr^/)“^(u) © Eu{(j) , with 
(3.1.9) {{Hl-a^I)-\u)\u) = l. 


We apply this property to h = u'^. Since u'^ G Eu{cr)^, there exists A G C 
with u'^ = \{Hl — a‘^I)~^{u). Applying equation (3.1.9), this leads to 




\u'„ 


= {Hi - a^I) 


- 1 , 


u 


In particular, if p G T,h{u), a G 'Lk{u), 



This leads to equations (3.1.6) and (3.1.7). Finally, equation (3.1.8) is 
nothing but the expression of (3.1.9) in view of equation (3.1.6). 


This completes the proof of Lemma 4. 


□ 


3.2. Some Bateman-type formulae 


In this section, we establish some formulae linking the singular values 
of a Hankel operator and its shifted operator. 

Let u G VMO+{E)^). For p G T,h{u), we denote by a{p) the biggest 

<y{p? 


element of T.k{u) which is smaller than p. When 

P&T.h{u) 




= 0, we 


define p(cr) to be the biggest element of T,h{u) which is smaller than a. 
This is always well defined for infinite sequences tending to zero. In the 
case of hnite sequence, the hypothesis implies that 0 G Hk{u) and lemma 
2 and lemma 3 allows to define p(cr) in that case for any a G T,k{u) \ {0}. 
In this section, we state and prove several formulae connecting these 
sequences. These formulae are based on the special case of a general 
formula for the resolvent of a hnite rank perturbation of an operator, 
which seems to be due to Bateman [4] in the framework of Fredholm 
integral equations. Further references can be found in Chap. II, sect. 
4.6 of [28], section 106 of [2] and [35], from which we borrowed this 
information. 
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Proposition 1. — The following functions coincide respectively for x 
outside the set (ind outside the set {^}o-gSkW\{o}■ 

(3.2.1) ^ V- 


n ^ ^ 1+^ V 

1 — xp^ ^ 


pGS/f(«) 


PG'Sh{u) 


1 — xp^ 


(3.2.2) 


n 


peSnlu) 


1 — xp^ 

1 — xa{py 


=1-.. 5: ^ 


/ Il2 


I (TeSx(M) 


1 — xa^ 


Furthermore, 
(3.2.3) 1 


\Ur, 


p2 11 p2 

P&T.h{u) p&T.h(u) 


E 


n 


and, if = 0, 


P£T.h(u) 


p- 


(3.2.4) 


E 


\Ur 


n 


a 


pi (7 

p&^Hiu) ^ aGSxWUO} 


i2 • 


Here p^ax denotes the biggest element ofT^uiu). For p G 'Fuiu), the 
11 tip IP’s are given by 

p2 - aip'f 


(3.2.5) 


\Up\\ = 


(p2 - aipf) J] 


pYp 


p2 - p'2 


and the ||MCT(p)lr given by 


(3.2.6) ll<,PI^ = (P-^(p)-)n EplEl - 

pYp ^ ^ 

The kernel of Ku is non trivial if and only if = 0, and in 

P&T,h{u) ^ 

that case 

IL ' ||2 _ „2 TT 

11^011 Pmax J_ J_ ^2 

o-GSk(«)\{0} 

Proof — For X ^ {4}pGSjj(«), we set 


Jix) :=iiI-xHl)-\l)\l). 
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We claim that 
(3.2.7) 


J{x) 


n 

P£T,h{u) 


1 — x(j{pY 
1 — xp^ 


Indeed, let us first assume that and are of trace class and compute 
the trace of (/ — xH‘l)~^ ~ ~ We write 

!(/ - -(I- xKl)-^](f) = j|y(/ia - xHl)-\) ■ (/ - xHly'u. 

Consequently, taking the trace, we get 

Tr[(/ - xHl)-^ - (/ - xKl)-^] = 7^11 a - 
Since, on the one hand 

11(1 - xHl)-\f = ((/ - = f{x) 


and on the other hand 

Tl'l(/ - xH^r' -(I- xKp-'] 


xTr[Hl(I - xHl)-' 

P&T,h{u) 



■ Kid - xipr'] 
‘Xjp? \ 

1 — a{pyx ) 


where we used lemmas 3 and 4. On the other hand. 


(3.2.8) 

l-a(p)2xy' 


J'{x) [1 1 

J{x) ’ lp2V(p)2 


1 p^T,h{u) 


This gives equality (3.2.7) for and of trace class. To extend this 
formula to compact operators, we remark that YlipyT,H{u)iP^ ~ is 

summable since, in case of inhnite sequences, we have 0 < — <j{pY Y 

p^ — p((j(p))^ so that it leads to a telescopic serie which converges since 
(p^) tends to zero from the compactness of H"^. Hence the inhnite product 
in formula (3.2.7) and the above computation makes sense for compact 
operators. 

On the other hand, for x ^ 

J{x) = {{I-xHl)-\l)\l) = l + x{{I-xHl)-\u)\u) 

= ^ + -xHl)-^{up)\u)) = l+x 

X Jb fJ 

P P&^h{u) 
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hence 

(3.2.9) 


n 


1 — a;cr(p)^ 
1 — xp^ 




1 — xp^ 


P&T,h{u) p(^T,h{u) 

Passing to the limit as x goes to —oo in (3.2.1), we obtain (3.2.3). If 
we assnme that the left hand side of (3.2.3) cancels, then (3.2.1) can be 
rewritten as 


n 


1 — xa^pY 
1 — xp^ 


E 


\Ur 


p^(l — xp^) 


P&T,h{u) p€'Eh{u) 

Mnltiplying by x and passing to the limit as x goes to — cxo in this new 
identity, we obtain (3.2.4). Mnltiplying both terms of (3.2.1) by {l—xp'^) 
and letting a: go to 1/p^. We get 

- aipT 




(p2 - (t{pY) n 


p2 - p'2 


For Eqnality (4.1.13), we do almost the same analysis. First, we establish 
as above that 


J{x) 


= 1 - x{{I - xKl) \u)\u) = 1 - X T3 


/ ||2 


cr&T,K{u) 


1 — xa^ 


Identifying this expression with 

1 TT 1 — Xp^ 


J{x) 


n 


1 — xcr(p)2 


we get, for p G T,h{u) 

If (T = 0 G Ex(m), identifying the term in x in both terms, one obtains 

cr(p)^ 

IImqII 7^ 0 if and only if —— = 0, and in that case, identifying 

P&T,h{u) ^ 

the corresponding factor of x gives 


I ' l |2 — 2 
I ^011 Pmax 


n 


p(^) 


o-eSK(«)\{o} 




□ 
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As a consequence of the previous lemma, we get the following couple 
of corollaries. 


Corollary 2. 

(3.2.10) 

(3.2.11) 


For any p, p' G 'Fh{u), a, a' G 'Fk{u) \ {0}, we have 


E 

P£T,h{u) 

E 

crGcr^(n) 


\Ur. 


P" 






' Il2 


p2 — CT^ 


= 1 


= 1 


(3.2.12) 


(3.2.13) 


E 

P&T,h[u) 

E 

(TgSx(«) 


\Ur. 


(p2 - cr2)(p2 


o 




\u 


/ 112 


\u 


' l|2 


(CT^ — p2)((j2 — p'^) 


\Ur. 


\2^PP 


Proof. — The first two equalities (3.2.10) and (3.2.11) are obtained by 
making x = -^ and x = -^ respectively in formula (3.2.1) and formula 
(3.2.2). For equality (3.2.12) in the case a = a', we first make the change 
of variable y = 1/x in formula (3.2.1) then differentiate both sides with 
respect to y and make y = Equality (3.2.13) in the case p = p' follows 
by differentiating equation (3.2.2) and making x = Both equalities 
in the other cases follow directly respectively from equality (3.2.10) and 
equality (3.2.11). □ 

Corollary 3. — The kernel of is {0} if and only if 


n ^= 0 . 


peT,H{u) 




n 


a 


cr&T.K(u) 




= OO 


Proof — By the first part of theorem 4 in [13] — which is independent 
of multiplicity assumptions— , the kernel of Pl^ is {0} if and only if 
1 G Ran(if„) \ Ran(iP„), where Ran(if„) denotes the range of Hu- On 
the other hand, 


- E 

PGT,h{u) 


Up = 


E 

pe'EHiu) 


p^ 
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hence the orthogonal projection of 1 onto Ran(ifu) is 

E Huiup) 

■ 

pes^(«) 


Consequently, 1 G Ran(iif„) if and only if 


1 


P£T,h{u) 


Hu i^^p) 

p2 


2 


■sp IfM 

p2 

peTsHiu) 


Moreover, if this is the case. 


1 


E 

P&T,h{u) 


Hui^up) 

p2 


and 1 G Ran(if„) if and only if the series 


p2 

peSniu) 


converges, which is equivalent to 


'Sp ll^pl 

Z-/ pi 

peSff (u) 


< oo . 


Hence 1 G Ran(i^„) \ Ran(i/„) if and only if 


-sp 11^ 

Z^ p2 

pes^(u) 


1 


E 

P&T,h{u) 



= OO , 


which is the claim, in view of identities (3.2.3) and (3.2.4). 


□ 


3.3. Finite Blaschke products 

In this section, we recall the dehnition and the structure of hnite 
Blaschke products which appear in the spectral analysis of Hankel oper¬ 
ators. A hnite Blaschke product is an inner function of the form 

k 

^1^(2;) = e"*^ JJxp.(2;) , -0 e T , Pj G © , Xpi^) := , p G © . 
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The integer k is called the degree of T. We denote by Bk the set of 
Blaschke products of degree k. 


Alternatively, T G can be written as 


't(‘) = 


P{z) 


7(1) ’ 


where -0 G T is called the angle of T and P is a monic polynomial of 
degree k with all its roots in D. Such polynomials are called Schur poly¬ 
nomials. We denote by Od the open subset of made of (oi,..., a^) 
such that P{z) = + aiz'^~^ is a Schur polynomial. The fol¬ 

lowing result implies that Bk is diffeomorphic to T x It is connected 
to the Schur-Cohn criterion [43], [8], and is classical in control theory, 
see e.g. [27] and references therein. For the sake of completeness, we 
give a self contained proof. 


Proposition 2. — For every d> 1 and (ai,..., ad) G the following 
two assertions are eguivalent. 

1. (fli, ■ ■ ■, ad) G (Dd ■ 

2. \ad\ < 1 and 


\ 1 — / i<k<d-l 


In particular, for every d > 0, Od is diffeomorphic to R^'^. 


Proof 


Consider the rational functions 


X{z) = 


z'^ -1- ^ H-h Orf 

1 aiz adz'^ 


and 

X x(^)-x(0) + biz'^-^-{ - Ibd-i ^ Ok - addd-k 

^ 1 - x( 0 )x( 2 ;) l + biz-\ - \-bd-iz^~^ ’ ^ 1 - 

If (1) holds true, then y G Bd, which implies 


(3.3.1) V^G©,|y(x)|<l, |y(e“)| = l. 
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In particular, x(0) = 0^6 0, and therefore the numerator and the 
denominator of x have no common root. Moreover, 

(3.3.2) VzeD,|x(;^)|<l, |x(e“)| = 1 • 


This implies x ^ ^d, hence ( 2 ). Conversely, if ( 2 ) holds, then x satishes 
(3.3.2) and has degree d, hence 


x(z) 


X(^) + ad 
1 + ddxiz) 


satishes (3.3.1) and has degree d, whence (1). 


The second statement follows from an easy induction argument on d, 
since Oi = D is diffeomorphic to M^. □ 


3.4. Two results by Adamyan—Arov—Krein 

We recall the proof of two important results by Adamyan-Arov-Krein. 
The proof is translated from [1] into our representation of Hankel oper¬ 
ators, and is given for the convenience of the reader. 

Theorem 3.4-1 (Adamyan, Arov, Krein [1]). — Letu G VMO+{§>^)\ 
{0}. Denote by {\k{u))k>o the sequence of singular values of Hu, namely 
the eigenvalues of \Hu\ ■= in decreasing order, and repeated 

according to their multiplicity. Let fc > 0,m > 1, such that 

Afc_i('u) > Afc('u) ■ ■ ■ Afc-|_m—i(w) s > Afc-i-m(w) , 

with the convention A_i(m) := -|-cxo. 

1. For every h G Eu{s) \ {0}, there exists a polynomial P G C.rn-i[z\ 
such that 

2. There exists a rational function r with no pole on D such that 
Yk{Hr) = k and 


Hu-H, 


= s . 
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Proof. — We start with the case fc = 0. In this case the statement (2) 
is trivial, so we just have to prove (1). This is a consequence of the 
following lemma. 

Lemma 5. — Assume s = ||hfu||- For every h G Eu{s) \ {0}, consider 
the following inner outer decompositions, 

h = aho , s~^Huih) = bfo • 

If c is an arbitrary inner divisor of ab, ab = cd, then cho G Eu{s), with 

(3.4.1) Hu{cho) = sdfo , hf«(c7o) = scho . 

In particular, a, b are finite Blaschke products and 

(3.4.2) deg(a) + deg(6) + 1 < dimEu(s) . 

Furthermore, there exists an outer function ho such that, if m : = 
dimh;„(s), 

(3.4.3) Eu{s) = Cm-i7]ho , 
and there exists (p G T such that, for every P G 

(3.4.4) H,,{Pho){z) = sd^z^-^P ho{z) . 

Let us prove this lemma. We need a number of elementary properties 
of Toeplitz operators Tb dehned by equation (2.2.1), where 6 is a function 
in := fl L°°, which we recall below. In what follows, u G BMO+. 

1 . 

HyTb = T^Hu = HTpi . 

2. If |6| < 1 on S^, 

Hi > T-,HlTb . 

3. If \b\ = 1 on namely b is an inner function, 

dfeLl, f = TbT-J^\\f\\ = \\T-J\\ . 

Indeed, (1) is just equivalent to the elementary identities 
u{ubh) = n(6n(Mh)) = u(n{bu)h). 

As for (2), we observe that Tf = and 

wm < \\bh\\ < \\h \\. 
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Hence, using (1), 

{Hlh\h) - {T-,HXh\h) = \mh)f - mHMf > 0 . 

Finally, for (3) we remark that, if b is inner, T-^Tb = I and is the 
orthogonal projector onto the range of Tb, namely bL\. Since ||T^/|| = 
||T,T^/||, (3) follows. 

Let us come back to the proof of Lemma 5. Starting from 

Hu{h) = sf , Hu{f) = sh , h = aho , f = bfo , ab = cd , 
we obtain, using property (1), 

Tc'Huicho) = H^{cdho) = T-^Hu{h) = sfo . 

In particular, 

\\Hu{cho)\\ > \\Tc'Hu{cho)\\ = s||/o|| = s||/|| = s||h|| = s||cho|| . 

Since s = IlLfull, all the above inequalities are equalities, hence cho G 
Eu{s), and, using (3), 

Hu{chdj = Tc'Tc'Huicho) = sc'/o • 

The second identity in (3.4.1) immediately follows. Remark that, if 4/ is 
an inner function of degree at least d, there exist d+1 linearly independent 
inner divisors of 4/ in L“. Then inequality (3.4.2) follows. Let us come 
to the last part. Since dimii^u(s) = m, there exists h G Eu{s) \ {0} such 
that the hrst m — 1 Fourier coefficients of h cancel, namely 

h = z^-^h . 

Considering the inner outer decompositions 

h = aho , Hu{h) = sbfo , 

and applying the first part of the lemma, we conclude that deg (a) + 
deg(6) = 0, hence, up to a slight change of notation, a = 6 = 1, and, for 
£ = 0,1 ,..., m — 1, 

H^iz^ho) = , H^iz^-^-^fo) = szX . 

Eu{s) = Cm-l[z]ho = Cm-l[z]fo ■ 


This implies 
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Since ||/io|| = ll^ll = ll/ll = ll/oll) it follows that /o = e*'^ho, and (3.4.4) 
follows from the antilinearity of The proof of Lemma 5 is complete. 

Let us complete the proof of the theorem by proving the case s < ||Lfu||- 
The crucial observation is the following. 

Lemma 6. — There exists a function (p G L°° such that |0| = 1 on 
and such that the operators Hu and iLsn( 0 ) coincide on Eu{s). 

Let us prove this lemma. For every pair (h,/) of elements of Eu{s) 
such that Hu{h) = sf, Hu{f) = sh, we claim that the function 



does not depend on the choice of the pair (h, /). Indeed, it is enough to 
check that, if {h', /') is another such pair, 

(3.4.5) fh' = fh . 

In fact, for every n > 0, 

s{fh'\z^) = {Hu{h)\S^h') = {{STHu{h)\h') 

= iHuiS^h)\h') = iHuih')\S^h) = sifh\z^) . 

Changing the role of {h, h') and (/, /'), we get the claim. Finally the fact 
\(j)\ = 1 comes from applying the above identity to the pairs (h,/) and 
(/, h). Then we just have to check that, for every such pair, 

HsTi(^){h) = sU{U{(P)h) = sUicfh) = sf . 

This completes the proof of Lemma 6 . 

Let us first consider part (2) of the Theorem. Introduce 

V := sn(0) . 

We are going to show that r := u — v is a rational function with no pole 
on D, Tk{Hr) = k and 

Since, for every h & 


Hu{h) = sU{(j)h) , 
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we infer ||i^^|| < s, and from Eu{s) C E^{s), we conclude 

11 II ^ • 

Because of (2.1.3), and coincide on the smallest shift invariant 
closed subspace of containing Eu{s). By Beurling’s theorem [5], this 
subspace is aL^ for some inner function a. Then Hr = 0 on aE]^, hence 
the rank of Hr is at most the dimension of Since 

II'^x*ll l|■^x;|| S ^ , 

the rank of Hr cannot be smaller than /c, and the result will follow by 
proving that the dimension of (aL^)-*“ is k. 

We can summarize the above construction as 


Ht^, = H„T„ = HrTn = Hi 


The above Hankel operator is compact and its norm is at most s. In fact, 
if Hu{h) = sf , Hu{f) = sh, with / = af, it is clear from property (1) 
above that 


Ht^M = sf , HtM = sh . 


In particular. 




= S . 


Applying property (3.4.1) from Lemma 5, we conclude that there exists 
an outer function ho such that 


cho e Er^uis) 

for every inner divisor c of a. Moreover, a is a Blaschke product of hnite 
degree d. Since ho is outer, it does not vanish at any point of D, therefore, 
it is easy to hnd d inner divisors ci,..., of a such that ciho,, Cdho 
are linearly independent and generate a vector subspace E satisfying 

EnaL\ = { 0 } . 

Consequently, we obtain 

E®Eu{s) C Et^{s), 


whence 

(3.4.6) 


d' := dimi? 7 -_„(s) > d + m . 
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On the other hand, by property (2) above, we have 

= T^HlT^ < Hi , 


therefore, from the min-max formula, 

Vn, XniTaU) < \n{u) . 

In particular, from the dehnition of d', 

S X/i'— i(Tq;U') ^ Ac('_i('u) , 

which imposes, in view of the assumption, d' —1 < k+m — 1, in particular, 
in view of (3.4.6), 


d < k . 


Finally, notice that, since a has degree d, the dimension of (aL^)-*“ is d. 
Hence, by the min-max formula again. 



sup 


h£aL^\{0} Imll 

This imposes d > k, and hnally 

d = k , d' = k + m , 

and part (2) of the theorem is proved. 

In order to prove part (1), we apply properties (3.4.3) and (3.4.4) of 
Lemma 5. We describe elements of as 

h{z) = Q{z)ho{z) , 

where hg is outer and Q G Ck+m-i[z]- Moreover, if h G Eu{s), then 
h = ah, Huih) = saf , where h, f E Et^{s). This reads 


Q{z) = a{z)Q{z) , 


If we set 



where D G Cfc[z] and T*(0) = 1, and D has no zeroes in D, this implies 
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Moreover, 



and 



(;) (i) • 


Changing P into Pe this proves part (1) of the theorem. 


□ 


3.5. Multiplicity and Blaschke products 

In this section, we prove a rehnement of part (1) of Theorem 3.4.1 
which allows to describe precisely the structure of the eigenspaces of a 
Hankel operator and its shifted. For a Blaschke product 4/ G given 


by 



we shall denote by 



the normalized denominator of T. 

Assume u G VMO+(E>^) and s G T,h{u). Then Hu acts on the hnite 
dimensional vector space Eu{s). It turns out that this action can be 
completely described by an inner function. A similar fact holds for the 
action of Ku onto F„(s) when s G J2k{u), s ^ 0. 

Proposition 3. — Let s > 0 and u G VMO+(§>^) . 

1. Assume s E T,h{u) and m := dimEu{s) = dimFu{s)+ 1. Denote by 
Ug the orthogonal projection of u onto Eu{s). There exists an inner 
function G Bm-i such that 


(3.5.1) 


L) sUg dtgHui^Ug'j , 

and if D denotes the normalized denominator of dig, 


(3.5.3) 


(3.5.2) 
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and, for a = 0,...,m — 1, 6 = 0, — 2, 

( ^a \ „m—a—1 

-HM) = , 

( ^b \ ^m—b—2 

-HM) = , 

where 'if^s denotes the angle o/'&g. 

2. Assume s G S^(m) and i := dimF„(s) = dimi?„(s) + 1. Denote by 
u'g the orthogonal projection of u onto Fu{s). There exists an inner 
function d's G Bi-i such that 

( 3 . 5 . 6 ) Ku{u'^) = s^>su'^ , 


and if D denotes the normalized denominator of \I/s 


( 3 . 5 . 7 ) 

( 3 . 5 . 8 ) 


Fu{s) = { , / G Q_i[z] \ , 


Ejs) = 


D 


u's , 9 ^ Ce-2[z] \ , 


and, for a = 0, — 1, 6 = 0, — 2, 


( 3 . 5 . 9 ) 

( 3 . 5 . 10 ) 




U's , 


H„ 


b+l 


u' 1 = 




i-b-l 


D 

where fjg denotes the angle of 




3.5.1. Case of p G Tih{u). — Let u G CMO+(§^). Assume that 
p G T,h{u) and m := dimi7„(p). Recall that 

E„(p) = ]zev{Hl - p^I), F.(p) = keriKl - p^I) 

and by Lemma 2, 

Fu{p) = Ey,{p) riM-^. 
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3.5.1.1. Definition o/'&p.— By definition {pUp, Hu{up) and (Hfiup), pUp) 
are Schmidt-pair for Hu- Hence, applying eqnation (3.4.5) to {up, Hu{up)) 
and {Hu{up),Up), we obtain that, at every point of 

\Hfiup)\^ = p^\up\^ . 

We thns define 

" ■ H^iup) • 

3.5.1.2. The function \I/p is an inner function. — We know that 4/p is 
of modnlus 1 at every point of S^. Let us show that d'p is in fact an 
inner function. By part (1) of the Adamyan-Arov-Krein theorem, we 
already know that 4/p is a rational function with no poles on the unit 
circle. Therefore, it is enough to prove that Tp has no pole in the open 
unit disc. Assume that g G D is a zero of Hu{up), and let us show that q 
is a zero of Up with at least the same multiplicity. 

Assume Hu{up){q) = 0 for some q, \q\ < 1. We prove that Up{q) = 0 
(in fact h{q) = 0 for any h in Eu{p)). Let us consider the continuous 
linear form 

(p) C 

h i-A h{q) 

By the Riesz representation Theorem, there exists / G Eu{p) such that 
h{q) = {h\f). Our aim is to prove that, if Hu{up){q) = 0 then / = 0. 
The assumption Hu{up){q) = 0 reads 

0 = (iL.(np)l/) = {H^{f)\up) = {H^{f)\u) = mlU)) = P^(l|/)- 

Here we used the fact that, as Hu{f) G Eu{p) for any / G Eu{p), 

{Hfif)\up) = {HM\u). 

It implies that H^if) G O E^ip) = E^ip), that S*f = ^S*Hlf = 
-^KuHfif) belongs to A„(p) and also / = SS*f. Hence, 

ll/ir = (/I/) = f{q) = qS*f{q) = q{S*f\f) < |g|||57ll ■ ll/ll 
which is impossible except if / = 0. In particular Up{q) = 0. 

A similar argument allows to show that if g is a zero of order r of Hu{up), 
that is, if, for every a < r — 1, 
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then the same holds for Up that is u^p\q) = 0 for every a < r — 1. 

As a consequence of the Adamyan-Arov-Krein theorem 3.4.1, we get 
that 4/p is a Blaschke product of degree m — 1, m = dimii^„(p). 

3.5.1.3. Description of Eu{s), F„(s) and of the action of Hu and of Ku 
on them. — We start with proving the following lemma. 

Lemma 7. — Let f G 11°°(D) such that n(4/p/) = d'p/ . Then 
HuifHuiup)) = p'^pjHuiup) . 


The proof of the lemma is straightforward, 

HuifHuiup)) = U{ujHU^) = U(JHl{up)) = p‘^U(Jup) = pU(f^ pHu{up)) 
= P'^pjHuiup) . 


Applying this lemma, we get, for any 0 < a < m — 1, 

-Huiup)] = pe-^^^-Hu{up) . 


C \z\ 

Consequently, Eu{p) = ^^ — -Hu{up) and that the action of Hu on 

Eu{p) is as expected in Equation (3.5.4). It remains to prove that 


Fu{p) = 


Cm-2[z] 


D 


Hu iT'p') 


and that the action of Ku is described as in (3.5.4). We have, for 0 < 

6 < m — 2, 


K, 


D 


Hu (iip) 


HuS (^^Huiup)^ = Hu (^^Huiup)^ 
2—6 

pe-*— 


In particular, it proves that ‘^”'jf^^^ Hu{up) C Eu{p). As the dimension of 
Eu{p) is m — 1 by assumption, we get the equality. 
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3.5.2. Case of a G Sx(m). — The second part of the proposition, 
concerning the case of a G T,k{u), can be proved similarly. The hrst step 
is to prove that 


^ / 

au'^ 

is an inner function. The same argument as the one used above for the 
Ku Schmidt pairs {Ku{u'^), au'^) and Ku{u'^)) gives that To- has 

modulus one. To prove that it is an inner function, we argue as before. 
Namely, using again part (1) of the Adamyan-Arov-Krein theorem 3.4.1, 
for S*u in place of u, we prove that if u'^ vanishes at some g G D, Ku{u'^) 
also vanishes at q at the same order. 

Assume u'^{q) = 0. As before, there exists / G Fu{a) satisfying h{q) = 
{h\f) for any h G Fu{a). The assumption on u'^ reads 0 = = {u\f) 

hence / belongs to Eu{(j) = u^OFu^a). The same holds for Hu{f) and, in 
particular, 0 = {Hu{f)\u) = = (T^{l\f). Therefore, / = SS*f 

and S*f = KuHuif) G One concludes as before since 

\\ff = f{q) = qS*f{q) = q{S*f\f) 

which implies / = 0. 

One proves as well that if g is a zero of order r of (m^), Ku{u'^) vanishes 
at g with the same order. Eventually, by theorem 3.4.1, Tg. G It 

remains to describe Eu{(t) and Fu{a) and the action of and on 

them. We start with a lemma analogous to Lemma 7. 

Lemma 8. — Let f G ]H[°°(©) such that n(To-/) = ^af -Then 

Kuifu'J = . 


The proof of the lemma is similar to the one of Lemma 7. Write 


= e 


— o-^b' 


D(z) 


where D is some normalized polynomial of degree k. From the above 
lemma, for 0 < a < £ — 1, 


D 


Kj ^u'] =ae-^^^ 


.£—l—a 


D 


-u„ 
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In order to complete the proof, we just need to describe as 

the subspace of Fu{a) made with functions which vanish at z = 0, or 
equivalently are orthogonal to 1. We already know that vectors of Eui^cr) 
are orthogonal to u, and that Hu is a bijection from Eu{(t) onto Euic). 
We infer that vectors of Eu{(t) are orthogonal to 1. A dimension argument 
allows to conclude. 



CHAPTER 4 


THE INVERSE SPECTRAL THEOREM 


We now come to the analysis of the non-linear Fourier transform intro¬ 
duced in Theorem 2. Given u G \ {0}, one can dehne, according 

to Lemma 3, a hnite or inhnite sequence s = (si > S 2 > ...) such that 

1. The S 2 j-i’s are the TT-dominant singular values associated to u. 

2. The S 2 fc’s are the iF-dominant singular values associated to u. 

For every r > 1, associate to each a Blaschke product by means of 
Proposition 3. This dehnes a mapping 

OO 

4 : \ {0} ^ U U 5„ . 

n=\ 

We are going to prove that <F is bijective and coincides with the inverse 
mapping of the non linear Fourier transform introduced in Theorem 2. 
In other words, with the notation of Theorem 2, <F(m) = (s, G Sn if 
and only if 

(4.0.11) m = m(s, 

/Q\ 

Furthermore, if (s^, 4/r)r>i ^ then its preimage m by <F is given by 
(4.0.12) u = lim Uq 

g—>-oo 

1 

where the limit takes place in iL^(§^) and 

Uq :=M((Sl,...,S2g),(4'l,...,4'2g)). 

Let us briefly describe the structure of this chapter. Firstly, we concen¬ 
trate on the case of hnite rank operators. This part itself includes two 
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important steps. The first step is to prove injectivity of by producing 
an explicit formula for u, which coincides with the one for u{s, in The¬ 
orem 2 of the Introduction. The second step establishes surjectivity by 
combining algebraic calculations and compactness arguments. This step 
includes in particular the construction of Hankel operators with arbitrary 
multiplicities thanks to a process based on collapsing three consecutive 
singular values. Section 4.2 extends these results to Hilbert-Schmidt 
operators, and section 4.3 to compact Hankel operators. 


4.1. The inverse spectral theorem in the finite rank case 


In this section, we consider the case of hnite rank Hankel operators. 
Consider a symbol u with of hnite rank. Then the sets and 

T,k{u) are hnite. We set 

q := |Sh(m)| = \^k{u)\ . 


If 


^h{u) := {pj,j = pi> ■■■> pg>0 , 

:= WjJ = 1,... ,g}, cTi > • • • > Ug > 0 , 
we know from Lemma (3) that 

(4.1.1) Pi > (Ti > P2 > a2 > ■ ■ ■ > Pq > aq>0 . 

We set n := 2q if > 0 and n := 2g — 1 if cxq = 0. For 2j < n, we set 


■52^-1 Pj , S2j (Jj , 

so that the positive elements in the list (4.1.1) read 
(4.1.2) Si > $2 ^ ^ Sfi > 0 . 

Using Proposition 3, we dehne n hnite Blaschke products Ti,..., by 

pjUj = ^ 2 j-iHu{uj) , K^{u'j) = aj'^2ju'j , ‘2j <n , 

where Uj denotes the orthogonal projection of u onto Eu{pj), and «'• 
denotes the orthogonal projection of u onto Fu{aj). 

Given a hnite sequence (di,... ,dn) of nonnegative integers, recall that 
is the set of symbols u such that 
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1. The singular values S 2 j-i, j > 1, of in J2h{u), ordered decreas- 
ingly, have respective multiplicities 

di + 1, (is + 1,... . 

2. The singular values S 2 j, j > I, of Ku in ordered decreasingly, 

have respective multiplicities 

(i2 + 1, (i4 + 1,... . 

Our goal is to prove the following statement. 

Theorem 5. — The mapping 



U 


is a homeomorphism and ‘hdi,...,d„(w) = 'is equivalent to 

u = m(s, 

with the formula given by 1.0.5. 

Moreover, the mapping V((i), where d is given by 

(3.1.5), is a smooth immersion. As a consequence, the set V[di,...,dr,) 'is a 
submanifold of V{d) of dimension 


n 


dim = 2n + 2 ^ . 


r=l 


Proof. — The proof of Theorem 5 involves several steps. Firstly, we 
prove the continuity of and more precisely that every point of 

V(di,...,d„) has an open neihgborhood in V(d), where d is given by (3.1.5), 
on which ^di,...,dn can be extended as a smooth mapping into some £- 
nite dimensional manifold including Sdi,...,d„- Then we prove that ^di,...,d„ 
is a homeomorphism in the case n even, along the following lines : 

^ ^di,...,dn is injective, with the formula 

$di,...A(n) = {s,^) ^ u = u{s, 

- ^di,...,dr, is an open mapping. 

- ^di,...,dr, is a proper mapping. 

- is not empty. 


4.1. THE INVERSE SPECTRAL THEOREM IN THE FINITE RANK CASE 43 


Since the target space is connected, these four items trivially 

lead to the homeomorphism result. The case n odd is derived from a 
simple limiting argument. Then the right inverse formula proved in the 
hrst item implies that, for every (s, G m(s, G 

and 

^du...,dMs,^)) = (s,^'). 

The use of the smooth mapping combined to the smoothness of the 
mapping (s, t-A u{s, will then complete the proof. 


4.1.1. Continuity of ^di,...,dn local smooth extension. — Fix 

Uq G V(di,...,d„)- Let p G T,h{uq). The orthogonal projector Pp on the 
eigenspace Eu^ip) is given by 

vp 

where "^p is a circle, centered at whose radius is small enough so that 
the closed disc Dp delimited by ^p is at positive distance to the rest of 
the spectrum of For m in a neighborhood Vq of Uq in Cp does 

not meet the spectrum of and one may consider 

^p 

which is a hnite rank orthogonal projector smoothly dependent on u. 
Hence, Pp^\u) is well dehned and smooth. Since this vector is not zero 
for M = Mq, it is still not zero for every m in Vq- 

We can do the same construction with any a G Sx('Uo) \ {0}. We have 
therefore constructed n smooth functions m G Vq t , r = 1,..., n, 
valued in the hnite orthogonal projectors, and satisfying 

Pr'^\u) 7 ^ 0 , r = l,...,n. 

Moreover, by continuity, 

rkP,(“) = rkP^(“°) :=dr + l . 
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In the special case u G is precisely the orthogonal projector 

onto Eu{sr) + Fu{sr). We then dehne a map on Vq fl V{d) by setting 


(("Sr(ll))l<r<n) (il^r(ll))l<r<n) ) 


with 


S2j-l{u) 




i|g.(d;ii(M))ii 

iidhiWii 


S2k{u) 




||g„(P4">(i.))|| 

iidr'(“)ii 

Ku(pS'\u) 

S2l=(“)dt(“) 


The mapping is smooth from VQp\V{d) into , where TZd denotes 

the manifold of rational functions with numerators and denominators of 
degree at most • Moreover, from Proposition 3, the restriction of 
to Vo hi V(di,...,d„) coincides with This proves in particular that 

*^di,...,d„ is continuous. For future reference, let us state more precisely 
what we have proved. 


Lemma 9. — For every uq G there exists a neighborhood V 

of Uq in V{d), d = n + 2J2r=i^r , and a smooth mapping from 
this neighborhood into some manifold, such that the restriction of to 
V nV(di,...,d„) coincides with ^di,...,d„- 


4.1.2. The explicit formula, case n even.— Assume that n = 2g is 
an even integer. 

The fact that the mapping ^di,...,dn is one-to-one follows from an explicit 
formula giving u in terms of ^di,...,d„{'a), which we establish in this sub¬ 
section. 

We use the expected description of elements of suggested by 

the action of onto the orthogonal projections Uj, u'^. of u onto the 

corresponding eigenspaces of H^,Kl respectively, namely 

(4.1.3) pjUj = ^2j-iHu{uj) , Ku{u'^) = (Tk^2ku'k , j, fc = 1,..., g , 

where the T^’s are Blaschke products. 

Using the identity / = SS* -|- (. |1) , we obtain 
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We then use the formula (3.1.6), in this setting 
(4,1.4) 


Uj = Tj 


y~] — -, T7 = \\u 


2 2 ’ j 


2 

7II 1 


to get 




Ku{u'^){z) 


+1 


= T, 


k=l Pj 

'' akZ'^2j-i{.z)'^2k{.z)u',.{z) 


^ fc=l 


p) - 


+ ^2i-l(2:)) , 


after using the second identity of (4.1.3). On the other hand, using again 
(4.1.4), 

,=i Pj 

Applying the first identity in (4.1.3), we conclude 




k=l P^i ~ ^k 

which is precisely 

(4.1.5) ^{z)U'{z) = (^ 2 ,-i(;^))i<,<, , 

where 

Pk - aiz^!2k-i{z)'^2i{z) 


(4.1.6) 


Cki{z) := 


and U'{z) := {u',^{z))i<k<q- Since 


u = 


Pk - 


k=l 


we conclude, for every 2 ; such that ^{z) is invertible, 
u{z) = {^{z)~\'^ 2 j-iiz))i<j<q,l) , 
as claimed by formula (1.0.5). 
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Similarly, writing Hu{u'p.) = SK^iu'^ + and using (3.1.7) in this 

setting which in this setting reads 

9 1 

(4.1.7) Mfc = kI ^ , K? = \\u' 


'-fc — ^ 2 _ _2 “i ’ 

,=1 O 


/C II 5 


we obtain that 


Uj = '^ 2 j-ihj , or hj := —Huiuj) , 

Pj 


where 

:= (hj(^))^<^.<^ , 

is the solution of 

(4.1.8) ^^{z)H{z) = 1 . 

Let us come to the invertibility of matrices 'if{z). Since '^(0) is invertible, 
‘^(^) is invertible for ^ in a small disc centered at 0. This is enough 
for proving the injectivity of However, let us prove that this 

property holds for every 2 ; in the closed unit disc. Recall that 


(4.1.9) 


Wrlz) = . OrU) := AP, (^- I , 


where Pr is a monic polynomial of degree dr- Introduce the matrix 
^*{z) = {cfi^(^z))i<k/<q as 

(4 1 10) c* (z) = dfc-P 2 £(^)L> 2 fc-i(^) - P 2 E{z)P 2 k-l{z) 


pI - 


Introducing the notation 

diag(Aj)i<j<g 


/ Ai 0 ... 0 \ 

0 ; 


V 


0 


0 

0 A„ 


/ 


we have 


^{z) = diag 




2 :)diag 


D 2 AZ) 


,-D2fc-l(^) / 
so that u{z) can be written equivalently as 

u{z) = (‘^#(^)-'(e-*’^^-iP 2 ,-i(; 2 ))i<i<„(/^ 2 fc(;^))i<fc<,) , 
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for every 2 ; such that det‘^^( 2 ;) 7 ^ 0. Using Cramer’s formulae for the 
inverse of a matrix, it is easy to see that the degree of the denominator 
of the above rational function is at most N = N := q + X]r=i , and 
that the degree of the numerator is at most N — 1. If det'^^(^) = 0 for 
some in the closed unit disc, then, in order to preserve the analyticity 
of u, u should be written as a quotient of polynomials of degrees smaller 
than — 1 and N respectively, so that the rank of would be smaller 
than it is. Consequently, det 7 ^ 0 for every 2 ; in the close unit disc, 

so that formula (1.0.5) holds for every such ; 2 . 

4.1.3. Surjectivity in the case n even. — Our purpose is now to 
prove that the mapping ^di,...,dn is onto. Since we got a candidate from 
the formula giving u in the latter section, it may seem natural to try to 
check that this formula indeed provides an element u of with 

the required ^di,...,dn{'^)- However, in view of the complexity of formula 
(1.0.5) , it seems difficult to infer from them the spectral properties of 
Hu and Ku- We shall therefore use an indirect method, by proving that 
the mapping <hdi,...,d„ on V(di,...,d„) H open, closed, and that the source 
space V(di,...,dn) is not empty. Since the target space S[di,...,d„) is clearly 
connected, this will imply the surjectivity. A hrst step in proving that 
^di,...,drL is nn open mapping, consists in the construction of antilinears 
operators H and K satisfying the required spectral properties, and which 
will be hnally identihed as Hu and Ku- 

4-1.3.1. Construction of the operators H and K. — Let 

H (('Sr-)l<r<n) (ll^r)l<r<n) 

be an arbitrary element of S{^dx,...,dn) some non negative integers dr . 
We look for u e $di,...,d„(M) = V. We set pj := S2j-i , cjfc : = 

S2k , 1 <j,k <q . 

Firstly, we dehne matrices ^{z) and using formulae (4.1.6), 

(4.1.9), (4.1.10). We assume moreover the following open properties, 

n 

(4.1.11) Q{z) := det ^*{z) 7 ^ 0 , z G D , deg(Q) = N ■.= q + dr . 

r=\ 
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We then define 'H(^) = {hj{z))i<j<g and U'{z) = {u'i.{z))i<k<q to be the 
solutions of (4.1.8) and (4.1.5) respectively. We then define Tj, > 0 by 


(4.1.12) 


(4.1.13) 


1 - 

.7 = 1 J 


^ 1 — T 

n -^ ^Pj 

1 - TCr^ 
j=i J 




.fc=i 


1 - xai 


As a consequence, we recall from section 3.2 that the matrix 

1 


^:= 


P^j - 


^<3yk<q 


is invertible, with 
Similarly, the matrix 
satisfies 
From these identities and 


A = diag(Afc) ^diag(r.) 


B := Adiag(Kl) 


=* ^diag(r/) . 


^{z) = diag(pj)^ - 2;diag(4'2j-i(^))^diag(crfc4'2fc(^;)), 

we easily prove the following lemma. 

Lemma 10. — For every z G D, 

^{z) ^B diag{df2e-i{z))i<e<q = diag(4'2i-i(^))i<i<g B ^(z) . 

In view of Lemma 10 and of the definition of 'H{z), we infer 

'^{zYBd:iag{d!2j-i{z))Fi{z) = diag(4'2j_i {^))l<j<q B{1) = diag(4^2i-i 

where we have used B{1) = 1, which is a consequence of identity (4.1.13). 
We conclude, in view of the definition of W{z), 

(4.1.14) U'{z) =* i3diag(^2,-i(^))^(^), 


or 




= 


d^2j-ih 


1=1 


Pi 


ot 


g 

dl2q-xh,=T]Y, 


k=l 



(4.1.15) 
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We are going to define antilinear operators H eand K on the space 

CAr_i[^] 


w = 


Q(z) 


Cramers’ formulae show that 

(4.1.16) hj(z) = D 2 j-i(z)R 2 j-i(z) , 

where the numerator of R 2 j-i is a polynomial of degree at most iV — 1 — 
d 2 j-i, the denominator being Q. Similarly, 

u'^{z) = D 2 k{z)R 2 k{z) , 

where the numerator of is a polynomial of degree at most N — l — d 2 k, 
the denominator being Q. 

We can therefore dehne the following elements of W, 


62 j —l,a(^) 

e2k,b{^) ■= 


z 


D2j-l{z 

z 


-hj{z), 0 < a < d 2 j-i , 


D2kiz] 


u'kiz) , 1 < 6 < d 


2k 


for I < j, k < q. Let 

^ •= ((c2j-l,a)o<a<d2i-l ) l<fe<d2fc) ) 

^ •= {{G2j-l,a)l<a<d2j-i ) (®2fc,fe)o<6<d2fc) ‘ 

We need a second open assumption. 

(4.1.17) S and S' are bases of W. 

We then dehne antilinear operators H and 77 on W by 


Hie 2 j-l,a) 

:= pje~''^^^-^e2j-i,d2j-i-a , 0 < a 

H{e2k,b) 

:= (Tke~''f’^'=e2k,d2k+i-b: '^<b<d‘ 

-^(C2j-l,a) 

:= e2j-i,d2j-i-a-i 0 < a 

K{^2k,b) 

:= (Jke~''^^'‘e2k,d2k-b, 0 <b<d2k 

for 1 < j, k < q. 



Notice that S* acts on W. Indeed, if 

Q{z) := Q(0)(1 - ciz - C 2 Z^ - cnz^), 
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we have 






N 


ri-l 




As a first step, we prove that S*H = K. Indeed, we just have to check 
this identity on each vector of the basis S. In view of the above definition 
of H and K, the identity is trivial on the vectors 

, 0 < a < d2j-i — 1 , e2k,b , 1 < & < d2k ■ 

It remains to prove it for e 2 j-i,d 2 j-i) equivalently for ^ 2 j-ihj- We have 

= p,S-h, . 

This quantity can be calculated by applying S* to the equation satisfied 
by namely 

^A<l\{ig{pj)H{z) - Z<ll{ig{(Tk^2k{z)y'A<ll{ig^2j-l{z)H{z) = 1 . 

We obtain 

^Ad:ia.g{pj)S*U{z) = d:mg{ak^2k{z)fAd:ia.g^2j-i{z)U{z) 

'ak^2k{z) 


= diag 




U\z) , 


where we have used (4.1.14). We obtain, by using the formula for A 

(4.1.18) S>H('iy-,hj)(z) = PjS>hj(z) = ■ 

k=i Pi 

On the other hand, using the second part of (4.1.15), 


k=i Pi 


— = T 
2 ‘j 


2 0'k'^2kU'i. 

i ^2 _ ,2 
Pj ^k 


Therefore we have proved S*H{'^ 2 j-ihj) = K{'^ 2 j-ihj), and finally 
S*H = K. 

As a next step, we show the following identity 

<? 

(4.1.19) Vh e W , S*HS*{h) = H{h) - {l\h)u , u:=J2^k ■ 

k=l 
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It is enough to check this identity on any vector of the basis 8. In view 
of the dehnition of H, it is trivially satisfied on the vectors 


^2j-l,a , 1 < a < d 2 j-l , e2k,b , 1 < & < d2k ■ 

Therefore we just have to check it on e 2 j-i,o, or equivalently on hj. On 
the one hand, we have, from the identity (4.1.18), 


Applying S*H = K, we get 


S*HS*h,{z) = 






Tt 


= pj'^ 2 j-l{z)hj{z) - ^u{z) , 

Pj 

where we have used (4.1.15 ) again. We conclude by observing that 
Pj^ 2 j-ihj = H{hj), and that 

(i|ft,)=y(o) = A, 

Pj 

in view of the equation on ^{z) for z = 0, 


Adia.g{pj)'H{0) = 1 , 

and of the expression of A~^ = diag(r|)S. 

Finally, we prove that an operator satisfying equality (4.1.19) is actually 
a Hankel operator. 


Lemma 11. — Let N be a positive integer. Let 

Q{z) := 1 — CiZ — C 2 Z^ — ... — cnZ^ 

he a complex valued polynomial with no roots in the closed unit disc. Set 


Let H be an antilinear operator on W satisfying 

S*HS* = H-{l\-)u 
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on W, for some u . Then H coincides with the Hankel operator of 
symbol u on W. 

Proof — Consider the operator H := H — Hu, then S*HS* = H onW 
and hence, it suffices to show that, if H is an antilinear operator on W 
such that S*HS* = H, then H = 0. 

The family (ej)i<j<Ar where 

j = 1,..., - 1 

Q{z) 

is a basis of W. Using that 

S*HS* = H 

we get on the one hand that Hck = {S*)^Heo. On the other hand, since 
S*eo = S* = J2cjej-i , 

this implies 

N 

Heo = S*HS*eo = J2^iS*yHeo , 
i=i 

hence Q{S*)H{eo) = 0 . Observe that, by the spectral mapping theorem, 
the spectrum of Q{S*) is contained into Q(]D)), hence Q{S*) is one-to-one. 
We conclude that H{eo) = 0, and hnally that H = 0. 

□ 

Applying Lemma 11 to our vector space W, we conclude that H = Hu, 
and consequently K = S*Hu = Ku- In view of the dehnition of H and 
K, we conclude that = V. 

4 .1.3.2. The mapping <hdi,...,d„ is open from to Si^di,...,dn)- — 

Notice that we have not yet completed the proof of Theorem 5 since 
the previous calculations were made under the assumptions (4.1.11) and 
(4.1.17). In other words, we proved that an element V of the target space 
satisfying (4.1.11) and (4.1.17) is in the range of On the other 

hand, in section 4.1.2, we proved that these properties are satished by 
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the elements of the range of Since these hypotheses are clearly 

open in the target space, we infer that the range of ^di,...,d„ is open. 

4-1.3.3. The mapping is closed. — Let {u^) be a sequence of 

^(du-,dr.) such that := converges to some V in S{^du...4,.) 

as e goes to 0. In other words, 

— ((■Sr)l<r<2g, ('hr)l<?’<2g) - > P = ((Sr)l<r'<2g, (^r)l<r<2g) 

in S(^di,...,dn) as e —)■ 0. We have to find u such that <h(-u) = V. Since 

r=l j=l 

is bounded, we may assume, up to extracting a subsequence, that 
is weakly convergent to some u in H^'^, and strongly convergent in 
by the Rellich theorem. Moreover, the rank of Hu is at most N = q + 

Eh. dr. 

Denote by Uj the orthogonal projection of u'^ onto ker(iL^ — 
j = 1 ,... ,q, and by (u|)' the orthogonal projection of H onto ker(iL^ — 
(s 2 fc)^/), k = 1,.. . ,q. Since all these functions are bounded in L^, we 
may assume that, for the weak convergence in L^, 

Uj ^ Vj , {uiy v'k . 

Taking advantage of the strong convergence of in L^, we can pass to 
the limit in 


(u1<) = limr=: Kf , (u^l(uD') 


= ll(uD'ir=: 


and obtain, thanks to the explicit expressions (3.2.5), (3.2.6) of in 
terms of the s^, 

{u\vj) = > 0 , (m|u(,) = > 0 , 

in particular Vj 7 ^ 0 , 7 ^ 0 for every j, k. 

On the other hand, passing to the limit in 


slj-Xj = HusHj , Hueiu^j) = {slj-i) u^j , 

KY, = isi,)\uiy, 


Kusiuiy = 


= 


E“S=i: 

i=i 


niy 


k=l 
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we obtain 

= HuVj , , 

= S2k^2k < , KlWk) = slkv'k , 

= = 

j=i k=i 

This implies that u G V(^d]_,...,dn)i Vj = Uj,v'^ = and $(m) = V. The 
proof of Theorem 5 is thns complete in the case n = 2q, nnder the 
assnmption that V(di,...,d„) is non empty. 


S2j-lVj 

Kuv'k 

u 


4.1.4. V{^di,...,dn) empty, n even. — Let n be a positive even 

integer. The aim of this section is to prove that V(di,...,d„) is not empty 
for any mnlti-index (di,..., d„) of non negative integers. 

The preceding section implies that, as soon as V{di,...,d^) is non empty, 
it is homeomorphic to S(di,... 4 ^)i via the explicit formnla (1.0.5). We 
argne by indnction on the integer di + • • • + d„. In the generic case con¬ 
sisting of simple eigenvalnes (see [11]), we proved that for any positive 
integer q, V(o,...,o) (which was denoted by Vgen( 2 g) in [ 11 ]) is non empty. 
As a conseqnence, to any given sequence ((s^), (fl^r)) £ ^ 2 q x corre¬ 
sponds a unique u G V(o,...,o); the S 2 j_i being the simple eigenvalues of 
and the the simple eigenvalues of K^. This gives the theorem in 
the case (di,..., d„) = ( 0 ,..., 0 ) for every n, which is one of the main 
theorems of [12], Let us turn to the induction argument, which is clearly 
a consequence of the following lemma. 


Lemma 12. — Let n = 2q, {di,, dn) and 1 < r < n — 1. Assume 


then 


'^{di,...,dr,o,o,dr+i,...,dn) non empty, 
'^{di,...,dr-i,dr+i,dr+i,...,dn) uon empty. 


Proof. — The main idea is to collapse three consecutive singular val¬ 
ues. More precisely, we will construct elements of V{di,...,dr.-i,dr+i,dr+i,-,dA 
as limits of sequences in V(di,...,dr,o,o,dr+i,...,d„) such that Sr, Sr+i, 5^+2 con¬ 
verge to the same value. The difficulty is to make the sequence converge 
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strongly, and we will see that this requires some non resonance assump¬ 
tion on the corresponding angles. 

We consider the case r = 1. The proof in the other cases follows the same 
lines. Write rrij := d2j-i + 1 and '■= + 1- From the assumption, 

V := V(di,o,o,d2,...,rfn) is non empty, 

hence <h establishes a diffeomorphism from V into 

‘^(di,0,0,d2,...,d„) ■ 

Therefore, given p > a 2 > Ps > cr^ > ■ ■ ■ > pg+i > > 0, and 

'hi, 6 * 1 , (p 2 , ih 4 ,..., T„+ 2 , for every e > 0 small enough, we dehne 

:= , 4(g+l)), ('hi, • • • , 'h2(g+l))) 


with 

Si := p + e , S2 := P , S3 := p - e , S2k ■■= o-k , 2 < k < q + 1 , 
4,-1 := P, , 3 < j < g + 1 , T 2 := , T 3 := e"*^^ . 

By making e go to 0, we are going to construct u in V(di+i,d 2 ,...,dn)j such 
that si(m) = p is of multiplicity mi + I = di -|- 2, S 2 j-i{u) = p,+i, 
j = 2, ..., g, is of multiplicity mj and S 2 k{u) = at+i for A; = 1 , ..., g, is 
of multiplicity ik- 

First of all, observe that is bounded in , since its norm is equiva¬ 
lent to 

~ (*^1 + 1 )(P + + (p ~ + d2<J2 + {d^ -f l)p 3 -|- ... 


Hence, by the Rellich theorem, up to extracting a subsequence, 
strongly converges in to some u G Similarly, the orthogonal 

projections Uj and (m|)' are bounded in L^, hence are weakly convergent 
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to Vj, v'^. Arguing as in the previous subsection, we have 


(u|ui) 


{u\v2) 


lim = lim_ - P" _ nfc> 2 ((P + g)" 

1 I\uUp^ - <yl) 

‘^Y[k>z{p^ - pIY 

lim ||«M|2 = lim Y[k> 2 Yp-ef 

2II e^^{p-eY-{p + efY[,^,{{p-ef 

1 n.>2(p^ - <^l) 

‘^Y[k>Yp^ - pIY 



pI) 



pI) 


{u\vj) = limllu^ll^j > 3, 

p] - P^ Y[k>2ip] ~ ^k) 

^ -0 {p] -iP- emp^, -{p+er) nk>3,k^Yp] - pD 
^ 1 nk>2(p] - ^i) 

p] - p^ nfc>3A^i(/'i - pD 


and 


{u\v[) 



hm||K)'|p 

£^0 

hm(p2 - (P + eY)iP^ - (P - ^ 

nfc>2(P - ^k) 

hm||K)'|p, k >2 

e^O 

(^fc - (p + g)^)(^fc - (p - YY - Pj) 

<^1 - P^ Y\,>2,^k{<yl - 

1 Y[j>z{<^k - Pj) 

- p^ ni>2,jyfc(^fc - ^j) 
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In view of these identities, we infer that Vj,j > 1 and fc > 2 are not 
0, while v'l = 0. Passing to the limit into the identities 






^2j HueU^- , 

Kue{ul)' = {uiy , Kle{ul)' = , 




i=i 


k=l 


we obtain 



= ^2j HuVj , Hl{Vj) 

— 'S2j_iTj 

KuVf^ 

= S2k^2k 4 , ^ 44 ) 

= ^Ik'^k ) 


q+l q+1 


U 

= 5 ^ 4 - = 5 ^ 4 , 



1=1 k=2 



hence 


dimh;„(pj) > rrij = daj-i + l , j > 3, dim F„(crfc) > 4 = <^ 2 ^ + 1 , k>2. 
On the other hand, we know that 

rk(ilf^je) + rk(iP„e) = {2di + 1) + 1 + 1 + (2^2 + !) + ■■■ + (2d2q + 1) 

2q 

= [ 2 ((ii + !) + !] + ^ ^ ( 2 (jr + 1 ), 

r=2 

and, consequently, rk(if„) + rk(iPu) is not bigger than the right hand 
side. In order to conclude that u G V(di+i,d 2 ,:;dn)^ if therefore remains to 
prove that 


dimh^u(p) > mi + 1 = di + 2 . 

We use the explicit formulae obtained in section 4.1.2, which read 

N / det'^f( 2 ;) 

where denotes the matrix {cl.i{z))i<k,i<q+i, with 


-'jk 


(^) = 


Pj - akZ^2j-l{z)^2k{z) 


p] - 


pi = p + e,ai = p,p 2 = p-e 
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and ^j{z) denotes the matrix deduced from 'Tif^{z) by replacing the line j 
by the line (1,..., 1). Notice that elements c\i{z) and C 2 i{z) in formulae 
(4.1.6) are of order hence we compute 

p — Za2^l^A 


hm2edet'^^(2;) = 

S —^0 


1 — ze 


- al 




p - ^Cr2e"*‘^2^4 

p 2 - 


0 


We compute this determinant by using the following formula 


Oil 

O 12 • 

• OiAT 

021 

O 22 • 

• 02Ar 

0 

O 32 • 

• OsAT 

0 




b2 

032 


Bn 

03 A 


, bk 01102^—02i0ifc , k >2 


0 . 

Observe that 

4 , = (1 - ~ + (1 - 

p 2 _ ^2 .2 

p - zak^i^!2k 


P^-^l 


= 2{l-q{z)z) 


where 

and 

We obtain 


P^-^l 




q{z) = e 


^i(^) = 


1 — q{z)z 


lim 2 £det'^^( 2 r) = 2(1 - q{z)z) dei{{cjk)2<j,k<q+i) 


where, for k > 2, j > 3, 


C2k — 


p- zak^i{z)^2k{z) 


^jk — ^jk — 


(p^ - ^l) 

Pj - zak^2j-i{z)^2k{z) 


p] - 
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We know that \I/i is a Blaschke product of degree mi — 1. Let us verify 
that it is possible to choose ip 2 so that \ki is a Blaschke product of degree 
mi- We hrst claim that it is possible to choose ip 2 so that 1 — q{z)z ^ 0 
for \z\ < 1. Assume 1 — q{z)z = 0. Then 

(4.1.20) 1 = ^ . 

First notice that this clearly imposes \z\ = 1. Furthermore, this implies 
equality in the Minkowski inequality, therefore there exists A > 0 so that 
'Fi(z) = and, eventually, that since |Ti( 2 ;)| = 1. In¬ 
serting this in equation (4.1.20) gives ^ so that 4 / 1 ( 0 *^“^^+^^^) = 

e-*¥52 equality holds true for any choice of ip 2 , by analytic contin¬ 

uation inside the unit disc, we would have 

*.w = - 

which is not possible since 4/i is a holomorphic function in the unit disc. 
Hence, one can choose (^2 in order to have 1 — q{z)z ^ 0 for any \z\ < 1. 
It implies that 4/i is a holomorphic rational function in the unit disc. 
Moreover, if \z\ = 1, 

1 — zq{z) 

hence |tt'i(2)| = 1. 

We conclude that is a Blaschke product. Finally, its degree is 
deg(Ti) -I- 1 = mi- 

Next, we perform the same calculation with the numerator of det'^j{z) 
for j = 1,2. We compute 


Urn 2e del'll {z) = 
£^0 

0 

-(1 

0 


p - Z(T2e-*^2^4 


...I 


= (1 


ze 


—i(dl+ip 2 


^) det 


1 


i>3 


Cj2 ■ ■ ■ Cjq^i 
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and 


lim2edet'^2^(2:) = 
d'l 


£—^0 
1 — ze 


p-za2'^i'^4 




0 

0 


P3 - 2:0-2d'5d'4 


1 

Cj2 


= (1-;2e-*'^i^i)det 

\ ^i 2 • • • 

Hence we have, for the weak convergence in 

det 


1 

Cj 5+1 


i>3 


Vi{z) 

:= liinMf(^) 
£->■0 

= ^Azy- 

V2{z) 

;= limtinf^:) 



1 

Cj2 


1 

Cjq+l 


i>3 


2 ( 1 -g(;^);^) 


det ((Cj+) 2 <j^A:< 5 +i) 

1 ... 1 

Cj2 ... Cj 5+1 


det 


i>3 


2(1 - q{z)z) det {{cjk) 2 <j,k<q+i) 

Furthermore, if Di denotes the normalized denominator of 'Fi, we have 


Ht 


= {p + 4' 


Hle{ul) = {p-eful, 


-, 0 < a < mi — 1 , 


Passing to the limit in these identities as e goes to 0, we get 


Hf, 


/ 2 :“ Ti \ 

HIM 


2 2 :“ Tl 

P^V2 . 


0 < a < mi — 1 , 


It remains to prove that the dimension of the vector space generated 
by 


V2 


Z^ Vi 

Di{z)V^' 


0 < a < mi — 1, 
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is mi + 1. From the expressions of Vi and n 2 , it is eqnivalent to prove 
that the dimension of the vector space spanned by the fnnctions 

(1 — z'^i{z)) , ^ (1 — 0 < a < mi — 1 , 

Di[z) 

is mi + 1. We claim that our choice of (^2 implies that this family is free. 
Indeed, assume that for some coefficients A^, 0 < a < mi — 1, we have 


mi — 1 


a=0 


Di(z) 


1 — e ‘^^^z'^i{z) 

1 — Q—i(>f2+di)^ 


then, as the left hand side is a holomorphic function in D, it would imply 
g/i(e*(v 2 + 6 'i)) — been chosen so that this does not hold. 

This completes the proof. □ 


4.1.5. The case n odd.— The proof of the fact that ‘Fdi,...,d„ is one- 
to-one is the same as in the case n even. One has to prove that 
is onto. We shall proceed by approximation from the case n even. We 
dehne q = 

Let 

'P ((Plj *^1) ■ ■ ■ ) Pq)-> (^?’)l<r<n) 

be an arbitrary element of S(^d]_,...,dn)- W^e look for u G V{d]_,...,d„) such that 
= P- Consider, for every £ such that 0 < £ < Pg, 

Pe — ((Pl) • • • ) Pq) ((^r)l<r<n) 1)) ^ 


- we take ^ 2 q = 1 G Bq. From Theorem 5, we get G Vi^di,...,d„+i) such 
that $(«£) = Ps- As before, we can prove by a compactness argument 
that a subsequence of has a limit u G V(^di,...,dn) ^ tends to 0 with 

‘^di,...,dn(^) = P- AVe leave the details to the reader. □ 

4.1.6. V(di,...,dn) is a manifold. — Let d = n + 2'^^dr. We consider 
the map 

e:5„. ^ v(d) 

(s.*) ^ ti(s.4') 

This map is well defined and C°° on S(^di,...,dn)- Moreover, from the pre¬ 
vious section, it is a homeomorphism onto its range V(di,...,d„)- In order 
to prove that V(di,...,d„) is a submanifold of V{d), it is enough to check 
that the differential of 0 is injective at every point. From Lemma 9, near 
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every point Uq G there exists a smooth function defined on 

a neighborhood V on uq in V(d), such that coincides with on 

V n V(di,...,dn)- Consequently, o 0 is the identity on a neighborhood of 
Po ■= ^di,...,d„(uo)- In particular, the differential of 0 at Pq is injective. 
Finally, the dimension of V(di,...,d„) is 

n n 

dim5rfi_,„,d^ = dim Qri + '^ dim Bd, =2n + 2'^dr, 

r=l r=l 

using Proposition 2. 


4.2. Extension to the Hilbert-Schmidt class 


In this section, we consider infinite rank Hankel operators in the 


Hilbert-Schmidt class. 

We set 



y(2) 

{dr)r>l 


Theorem 6. — The 

mapping 


$ ; 

(llr)r>l 

_V c{2) 

(<Ir)r>l 


U H 

t ((Sr)r>l) (II^r)r>l) 

is a homeomorphism. 

/o'! 

Furthermore, if (s^, 4/r)r>i € 


age u by ^ is given by 


(4.2.1) 

where 


u{z) = lim Ug{z) 

q^oo 

Uq := k((Si, . . . , S2q), (^1, ■ ■ • , ^2g))- 


Proof. — The fact that $ is one-to-one follows from an explicit formula 
analogous to the one obtained in the finite rank case, see section 4.1.2. 
However, in this infinite rank situation, we have to proceed slightly dif¬ 
ferently, in order to deal with the continuity of infinite rank matrices on 
appropriate P spaces. 


U = J2 

i=i 


Indeed, we still have 
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where l-i^z) := {hj{z))j>i satisfies the following infinite dimensional sys¬ 
tem, for every G D, 


(4.2.2) 


n{z) = J^{z) + zV{z)H{z) 


with 


T{z) 

V(z) 






OD 


E 


Klak'^2k{z)'^2e-i{z) 


i/>i 


In order to derive this system, just write 
1 1 

hj{z) = —H^{uj){z) = ^^ - SK^{uj){z) 

Pj Pj Pj 

0 'k'^ 2 k{z)u'^{z) \ 

p] -^l J 

~ pA hh (pj-^i)(p"-^i) )’ 

Notice that the coefficients of the infinite matrix T>{z) depend holomor- 
phically on 2 : G ©. We are going to prove that, for every 2 : G ©, T>{z) 
defines a contraction on the space of sequences {vj)j>i satisfying 


i 

Pi 




k=l 


Ku{u'i,){z) \ ^ rj^ 
P] j Pj 


+ ‘-E 


fc=i 


00 I 19 



< CXD . 


From the maximum principle, we may assume that belongs to the unit 
circle. Then 2 : and "^riz) have modulus 1. We then compute V{z)V{z)*, 
where the adjoint is taken for the inner product associated to We get. 
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using identities (3.2.12), (3.2.11) and (3.2.13), 


lV(z)P{z) 


E 


^l<Tk^2b{z)r'^Kl,a,n^2m{z) 




rf 




2^2 


Kicr 




(P- -^D(Pn-^D 


SjYi • 


PjPn 

Since, from the identity (3.2.3), 


oo 2 

^ < 1 
2 — ’ 

.=1 d 


E 


we conclude that V{z)V{z)* < / on and consequently that 

\\V{z)\\p^^(2 < 1 . 

From the Cauchy inequalities, this implies 

IT‘”’(0)||(.^P, <n!. 

Coming back to equation (4.2.2), we observe that 'H(O) = -F(0) G t'^, and 
that, for every n > 0, 

•H(-+b(o) = (n + 1) ^ p(p)(o)?^(’^-^’)(o). 

p=0 

By induction on n, this determines 'H*^"’^(0) G f'^, whence the injectivity 
of 4). 

Next, we prove that <F is onto. We pick an element 


V eS. 


( 2 ) 

{dr) 


and we construct u G so that $(«) = V. Set 

^ = ((pi5 CTlj P2, • • • )) (^r)r>l) 

and consider, for any integer iV, 

'^N '■= ((pi, • • • , PN) CTn), (d'r)l<r<2N) 

in 

^{di,..;d2N) • 
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From Theorem 5, there exists G Vi^di,...,d 2 N) with ^{un) = Vn- As 

2N N OO OO 

= '^d2rslr + '^{d2j-l + I)s2j-1 < '^drsl + ^ S2j-1 < , 

r=l j=l r=l j=l 

the sequence (un) is bounded in Hence, there exists a subsequence 

converging weakly to some u in In particular, one may assume that 

(mjv) converges strongly to u in L^. 

Since ||h^u^|| = Pi is bounded, we infer the strong convergence of 
operators, 

p^oo 

We now observe that if is an eigenvalue of of multiplicity m then 
is an eigenvalue of of multiplicity at most m. Let (ejy*)i<;<m be an 
orthonormal family of eigenvectors of associated to the eigenvector 
p^. Let h be in and write 

m 

h = + ho.w 

i=i 

where ho ,at is the orthogonal projection of h on the orthogonal comple¬ 
ment of Euj^{p) so that 

\\iHl-p^I)hr = \\{Hl^-p^I)ho,Nf 

m 

1=1 

here dp 2 denotes the distance to the other eigenvalues of . By taking 
the limit as N tends to oo one gets 

m 

\\(Hl-p-^i)hf>d,A\\hf-Y,\{hp<^p) 

1=1 

where denotes a weak limit of Assume now that the dimension 
of Eu{p) is larger than m -|- 1 then we could construct h orthogonal to 
with H^{h) = p'^h, a contradiction. The same argument 
allows to obtain that if p^ is not an eigenvalue of p^ is not an 

eigenvalue of H^. 

We now argue as in section 4.1.3.3 above. Let unj and denote the 
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orthogonal projections of mjv respectively on and on so 

that we have the orthogonal decompositions, 

N N 

Mat = ^ UN,j = ^ • 

i=l k=l 

As {un) converges strongly in UN,j and wjvfc converge in L\ respec¬ 
tively to some and to some with the identities 

= ^2j-iHu{vj) , Hlivj) = p]vj , KuWk) = (^k^2kv'k , Kliv't^) = alv',^. 

and 

{u\vj) = rf , {u\vi) = kI . 

This already implies that vj, are not 0, and hence, in view of Lemmas 
7 and 8, that 

dimEu{pj) = rrij , dimF„(crfc) = 4 • 

We infer that u G and that pj = S 2 j-i{u) , ak = S 2 k{u) ■ It 

remains to identify Vj with the orthogonal projection uj of u onto Eu{pj), 
and 4 with the orthogonal projection of u onto Fu{ak). The strategy 
of passing to the limit, as N tends to infinity, in the decompositions 

N N 

Ma = ^ UN,j = ^ UN,k 
j=l k=l 

is not easy to apply because of infinite sums. Hence we argue as follows. 
From the identity 


we get 
hence 


= iu\Vj) = {Uj\Vj) = t] = 


Ml 


II 4 ~ 4II = 0 • 

Similarly, 4 = '^'k- This completes the proof of the surjectivity, and of 
the explicit formula (4.2.1). Notice that the convergence is strong in 
since the norm of Mtv tends to the norm of u. 


The continuity of <F follows as in section 4.1.1. As for the continuity of 
we argue exactly as for surjectivity above. 


□ 
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4.3. Extension to compact Hankel operators 

The mapping may be extended to VMOj^ which corresponds to the 
set of symbols of compact Hankel operators. Namely, let hloo be the set 
of sequences (sr)r>i such that 

Si > S2 > • • • > Sn —^ 0 . 

Given an arbitrary sequence (dr)r>i of nonnegative integers, we set 

OO 

r=l 

Theorem 7. — The mapping 

: V[dr)r>l 

u 

is a homeomorphism. 

Proof. — The proof is the same as before except for the argument of 
surjectivity in which the boundedness of the sequence {un) in does 
not hold anymore. However, the strong convergence in may be estab¬ 
lished. The proof is along the same lines as the one developed for Propo¬ 
sition 2 in [13], and is based on the Adamyan-Arov-Krein (AAK)theorem 
[1], [39]. Let us recall the argument. 

First we recall that the AAK theorem states that the {p + l)-th singular 
value of a Hankel operator, as the distance of this operator to operators 
of rank at most p, is exactly achieved by some Hankel operator of rank 
at most p, hence, with a rational symbol. We refer to part (2) of the 
theorem 3.4.1. We set, for every m > 1, 

Pm = m+ dr . 

r<2m 

With the notation of , one easily checks that, for every m, 

^ ^PTni"^) ~ pm+liu) . 

By part (1) of the AAK theorem 3.4.1, for every N and every m = 
1,... there exists a rational symbol \ defining a Hankel operator 


Goo X JJ Hd 


r=l 


((^r)r>l: (^T)r>l) 


4.3. EXTENSION TO COMPACT HANKEL OPERATORS 


68 


of rank namely u'^'^ G V(2pm) U V{2pm — 1), snch that 

||-^ujv II Pm+l(llA) Pm+l- 

“at 

In particular, we get 

llrijv IIjv llij^ — Pm+l- 


On the other hand, one has 

1 


\H mII > ^(Tr(i7V)))'^' > 

^ yJPm ^/Pm 


Ml 

''A \\h 


1 / 2 . 


Hence, for hxed m, the sequence is bounded in . Our aim 

is to prove that the sequence (mat) is precompact in L^. We show that, 
for any e > 0 there exists a hnite sequence ta, G 1 < fc < M so that 

M 

{uArjAT C IJ BL2^{Vk,e). 

k=l 


Let m be hxed such that Pm+i < £^/2. Since the sequence is 

uniformly bounded in it is precompact in L^, hence there exists 

Vk G -h^, 1 < k < M, such that 


M 

C IJ Bpi^{vk,el2) . 

k=\ 

Then, for every iV there exists some k such that 

II II ^ I II (^) II ^ 


Therefore {un} is precompact in and, since un converges weakly to 
M, it converges strongly to u in L^. The proof ends as in the Hilbert- 
Schmidt case. 


The continuity of <I> follows as in section 4.1.1. As for the continuity 
of 4*“^, we argue exactly as for surjectivity above, except that we have 
to prove the convergence of mat to u in VMO^. This can be achieved 
exactly as in the proof of Proposition 2 of [13] : the Adamyan-Arov- 
Krein theorem allows to reduce to the following statement : if tCAf £ 
V(2p) U V(2p — 1) strongly converges to w G V(2p) U V(2p — 1), then 
the convergence takes place in VMO — in fact in C°°. See Lemma 3 of 
|13|. □ 




CHAPTER 5 


THE SZEGO DYNAMICS 


This chapter is devoted to the connection between the nonlinear 
Fourier transform and the Szego dynamics. In section 5.1, we show 
that the Szego evolution has a very simple translation in terms of the 
nonlinear Fourier transform. Geometric aspects of this evolution law 
will be discussed in more detail in chapter 7. Then we revisit the classi¬ 
fication of traveling waves of the cubic Szego equation. The last section 
is devoted to the proof of the almost periodicity of solutions. 


5.1. Evolution under the cubic Szego flow 

5.1.1. The theorem. — In this section, we prove the following result. 

1 /2 

Theorem 8. — Let uq G with 

$M = ((s.),(vI/,)). 


The solution of 


idtu = n(|M|\), m(0) = uq 


is characterized by 

4(«(()) = ((s,), . 


Remark 2. — It is in fact possible to define the flow of the cubic Szego 
equation on BMO+ = see [18]. The above theorem then 

extends to the case of an initial datum uq in VMO+ . 
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1 lo 

Proof. — In view of the continuity of the flow map on , see [ 11 ], 
we may assume that Hug is of hnite rank. Let u be the corresponding 
solution of the cubic Szego equation. Let p be a singular value of Hu in 
T^h{u) such that m := dimi?„(p) = dimF„(p) + 1 and denote by Up the 
orthogonal projection of u on Eu{p). Hence, Up = ]l{p 2 }iHu){u). Let us 
differentiate this equation with respect to time. Recall [ 11 ], [ 14 ] that 

(5.1.1) ^ = [Bu, Hu] with Bu = '-Hi - tT\u\^ . 

Here we recall that Tf, denotes the Toeplitz operator of symbol b, 

Tb{h) = U{bh) , heL\ , beL°° . 


Equation (5.1.1) implies, for every Borel function /, 

df{Hl^ 


dt 




We get from this Lax pair structure 


dup 

dt 


f du 


= V)(ff31U) + V)(^f.) I 


and eventually 
(5.1.2) 


dup 

dt 




On the other hand, differentiating the equation 


pUp = ^Hu{up) 

one obtains 

p^ = ^Hu{up) + ^(^[Bu,Hu]{up) + Hu 
Hence, using the expression (5.1.2), we get 

-ipTiu\2{up) = ^Hu{up) + d' {-iTiu\2Hu{up) + ip^Huiup)) , 


-i[T\u\2,%Hu{up) = ( 4 ^ + ip^'^)Hu{up) . 


hence 
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We claim that the left hand side of this equality is zero. Assume this 
claim proved, we get, as Hu{up) is not identically zero, that + = 0, 

whence 

. 

It remains to prove the claim. We hrst prove that, for any p G © such 
that Xp is a factor of y, 

[7'|«|2,Xp](e) = 0 

for any e G Eu{p) such that XpC G Eu{p). Recall that 

z — p 


Xpiz) = 


pz 


For any function /, 

n(Xp/) - XpW) = = (1 - \p\^)H^/a-p.)ig) , 


where {I — Il)f = Sg . Consequently, the range of [11, Xp] is one dimen¬ 
sional, directed by In particular, [Tj^p,Xp](e) is proportional to 

T^. On the other hand, 

l—ryz ’ 


{[T\u\^,Xp]{e)\l) = {{T\^\2{xpe) - XpT\u\4e))\l) 

= iXp{e)\Hl{l)) - {x,\l){e\Hl{l)) 

= (HliXpieW) - {Xp\l){Hl{e)\l) = 0 . 

This proves that [T|^j| 2 , Xp](e) = 0. 

For the general case, we write T = e~^'^Xpi ■ ■ ■ Xpm-i 

m—1j—1 m—1 

[T|„|2,T]i7,(np) = e-*^ ER Xpki'^M^^ Xpj] Xpk^uiup) — 0 . 

j=\ k=l k=j-\-l 

It remains to consider the evolution of the T 2 fc’s. Let a be a singular 
value of Ku in T,k{u) such that dimTu((j) = dimF^„(cr) -|- 1 and denote 
by u'^ the orthogonal projection of u onto Fjj(a). Recall [14] that 

^ = [a, K^] with Cu = "-Kl - *T |„|2 . 

As before, we compute the derivative in time of u'^ = ]l{o- 2 }(iC^)(M), and 
get 
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On the other hand, differentiating the eqnation 

Ku{u'„) = a^!u'„ 

one obtains 

-i[T\u\^, = (d' - . 

As before, we prove that the left hand side of the latter identity is 0, 
by checking that, for every factor Xp of ft') for any / £ Fu{<j) snch that 
Xp/ 6 Fu(a), 

(|r|„p,Xp](/)|l) = 0. 

The calcnlation leads to 

(iii.p.xp](/)ii) = (.Hi(xpf) - (xAmKfm 
= ((Xp- (Xp|1))/|m)(m|1), 

where we have nsed (2.1.4). Now (Xp~ (Xp|l))/ ^ Fu^cr) is orthogonal to 
1, hence, from Proposition 3, it belongs to Eu{(t), hence it is orthogonal 
to u. This completes the proof. 

□ 


5.2. Application: traveling waves revisited 

As an application of Theorems 5 and 6 and of the previous section, 
we revisit the traveling waves of the cubic Szego equation. These are the 
solutions of the form 

u{t,e^^) = , w, c e M . 

For c = 0, it is easy to see [11] that this condition for mq ^ corre¬ 
sponds to finite Blaschke product. The problem of characterizing trav¬ 
eling waves with c 7 ^ 0 is more delicate, and was solved in [11] by the 
following result. 

Theorem 5.2.1. — [11] A function u in is a traveling wave with 
c 7 ^ 0 and u eM if and only if there exist non negative integers i and N, 
0<£<A — 1, (tgM and a complex number p G C with 0 < |p| < 1 so 
that 


1 — pz^ 
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Here we give an elementary proof of this theorem. 

Proof. — The idea is to keep track of the Blaschke prodncts associated 
to u throngh the following nnitary transform on 

T-a/(e*") := /(e*("-“)) , « G M. 

Since Tq, commntes to H, notice that 

(Tq, (/i)) . 

Conseqnently, Tq, sends Eu{p) onto and 

TaiUp) = [Ta{u)]p . 

Applying to the identity 


pUp = ^pHu{up) , 

we infer 

P[ra{u)]p = Ta{^p)Hr^^u) {[rM]p) , 

and similarly 

This leads, for every p G Tih{u), to 

p{e~"^Ta{u)) = e"*^r„(Tp(M)) . 

Applying this identity to u = uq, a = ct and (3 = cat, and comparing 
with Theorem 8 , we conclnde 

e-*‘^'Tp(no) = e-'‘"Vrf(Tp(no)) . 


Writing 


we get, for every t. 


d'p(no)=e*^ Yl Xpj, 




n 











This imposes, since c 7 ^ 0, 

= ca + (m — l)c , pj = 0 , 
for every p G 'Ph{uo). In other words, '^p{uq){z) = 
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We repeat the same argument for a G with £ 

dimh^^j((j) + 1 and 

K^{u'„) = , 


using this time 


We get 


Ta{K^{h)) = e*“ir^^(„)(r„(h)) . 


a'^ = u — ic , 


dimF„(a) = 


and 

If we assume that there exists at least two elements pi > p 2 in Eji/(mo), 
with irtj = dimi?„p(pj) for j = 1, 2, from Lemma 3, there is at least one 
element cxi in 'Lk{uo), satisfying 


Pi > Ui > p2. 

Set i\ := dimF„(,(cri), we get 

(mi — l)c > —i\C > (m 2 — l)c 

which is impossible since mi, £i, m 2 are positive integers. Therefore, there 
is only one element p in Tjh{uq), with m = dimT^^,p(p) and at most one 
element a in Sx(mo)) of multiplicity Applying the results of section 
4.1.2, we obtain 

(p2-a2)e-*^ 

p ^ _ Zg—i(ip+0)^^+m—1 

^ P 

This completes the proof. □ 


5.3. Application to almost periodicity 

As a second application of our main result, we prove that the solutions 
of the Szegd equation are almost periodic. Let ns recall some dehnitions. 
Let V be a hnite dimensional smooth manifold. A function 

f :R —^ V 

is quasi-periodic if there exists a positive integer N, a vector 00 G M^, 
and a continuous function F : —)■ V such that 

Vf G M , fit) = F{ujt) . 
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A similar definition holds for fnnctions valned in a Banach space. 

Now let ns come to the definition of almost periodic fnnctions. Let X be 
a Banach space. A fnnction 

/ : M —^ A 

is almost periodic if it is the nniform limit of qnasi-periodic fnnctions, 
namely the nniform limit of hnite linear combinations of fnnctions 

t ^ , 

where t G X and a; G M. Of conrse, from the explicit formnla (1.0.5) 
and from the evolntion nnder the cubic Szegd flow, for any uq G V((i), 
the solution u{t) is qnasi-periodic, valued in V((i), hence valued in every 
This is also a consequence of the results of [14]. 

It remains to consider data in Hj^ corresponding to infinite rank Hankel 
operators. We are going to use Bochner’s criterion, see chapters 1, 2 of 
[32], namely that / G (^(M, X) is almost periodic if and only if it is 
bounded and the set of functions 

//j : t G M I —)■ f (t h) E. X , /iGM, 

is relatively compact in the space of bounded continuous functions valued 
in X. 

Let Mo ^ ■ Set 

^ (ar)r->l 

‘f’(Wo) = ((Sr)r>l, (d'r)r>l) • 

Then, from Theorem 8, 

By Theorem 6, it is enough to prove that the set of functions 

t G M I—)■ ^{u{t + h)) G S^2) 

is relatively compact in C(M, This is equivalent to the relative 

compactness of the family in h G M, which is trivial. 


CHAPTER 6 


LONG TIME INSTABILITY AND 
UNBOUNDED SOBOLEV ORBITS 


The purpose of this chapter is to prove part 2 of Theorem 1, namely 
that generic data in generate superpolynomially unbounded tra¬ 

jectories of the Szego evolution in every Sobolev space s > This 
of course is in strong contrast with the compactness properties estab¬ 
lished for the same trajectories in in the previous chapter. The proof 
takes advantage of the nonlinear Fourier transform constructed in the 
previous chapters, by proving superpolynomial long time instability for 
quasiperiodic solutions. Again, the key idea is collapsing singular values. 


6.1. Instability and genericity of unbonnded orbits 

In this section, we show that part 2 of Theorem 1 is a consequence of 
the following long time instability result. We denote by doo a distance 
function on which dehnes the C°° topology. 

Theorem 9. — For any v G , for any M, for any s > there exists 
a sequence of elements of Cff tending to v in and sequences of 

times (in) , {f^), tending to oo, such that 
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Assuming Theorem 9, a Baire category argument leads to the following 
proof of part 2 of Theorem 1. 

Proof. — For every positive integer M, we denote by Om the set of 
functions v G such that there exist t, t with |f| > M, |t| > M, and 

||^(t)u||^i+^ > , dooiZ{t)v,v) < ^ . 

From the global wellposedness theory [11], Om is an open subset of 
C^. Furthermore, Theorem 9 implies that Om is dense. From the Baire 
theorem applied to the Frechet space C^, we conclude that the countable 
intersection 

^ := r\M>iOM 

is a dense Gs subset. □ 


6.2. A family of quasiperiodic solutions 

Let us come to the proof of Theorem 9. Our strategy is the following. 
First of all, rational functions are dense in C^. Furthermore, from The¬ 
orem 7.1 in [11], in the finite dimensional manifold of rational functions 
with associated Hankel operators of given rank q, those functions u for 
which the singular values of Hu and Ku are simple, is an open dense 
subset. From Theorem 2, every such rational function reads v := u{s, $) 
for some hnite sequence s of positive numbers of length 2g or 2g — 1, and 
some sequence $, of the same length, of complex numbers of modulus 1. 
Up to adding a small positive number to the sequence s, we infer that 
those functions v := u{s, $), with s G Q 2 q and $ G are dense in 

Therefore it is enough to prove the statement of Theorem 9 if u is 
a rational function v := u{s, $) with 

s = (pi, ui,... pg, CTg), $ = {^j)i<j<2q e 


where 


Pi > (Jl > P2 > 0-2 > • • • > Pg > (Jg > 0. 
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We are going to construct a sequence of elements of tending 

to V in and a sequence of times (in), such that 

\\Z{in)v^^mHs 

n^oo ’ 

with 

where are to be chosen. At this stage, we remark that the 

existence of the second sequence (f") comes for free. Indeed, for a given 
n, we already noticed that the mapping t hA is quasi-periodic 

valued into some manifold V{dn), continuously imbedded into C’^. Hence 
the function 

teR^doc,{Z{t)v^^\v^^'^) 

is quasiperiodic valued in M. We then use a classical property, namely, if 
/ is a quasiperiodic function, for every e > 0, there exists inhnitely many 
t G M such that 

l/W -/(o)l < ^ • 

The existence of follows. 

Let us come back to the construction of the sequences and (in)- For 
technical reasons, it is more convenient to start from the construction of 
a singular sequence which will play the role of in Theorem 

9, and then to check that Z(—in)u^^'^ has the desired limit v in We 
introduce the following class of rational functions. 

Let > 2 be an integer. Denote by AA the subset of (^, 17 ) G 
such that ^ = (^1, ... ,^Ar), T] = (r^i ,... and 

(6.2.1) 6 > hi > 6 > h2 > • • • Vn-1 > > 0. 

Given ^ = {^r)i<r< 2 g e we consider the family for 5, e —)■ 0 

with 

= u ((s, 5(1 + £.^1), 5(1 + erji), ..., 5(1 + e^n), 0) , (^', 1, ■ ■ ■, 1)) • 
From the explicit formula 1.0.5, we have 




6.2. A FAMILY OF QUASIPERIODIC SOLUTIONS 


79 


where = (^ 2 a-i) 


l<a<g5 


/ 1 \ 


l/v — 


t,N 


and 


[z = 


with 




Vi/ 

S’{z) 

Pa - abZ^2a-l'^2 b' 

PI - 


^5,eA) = 


l<a, 6 <g 

Pa- 5z(l+epk)'^ 2 a-l\ 1 




PI - 52(1 + epkY J ’ Pal<a<q^ 

5(1 + e^j) - abZ'^2b\ 


52(1 + - (zl J i<j<N 


l<h<q 


%{z) = {Cejk{z))i<j^k<N, with 

1 + - z{l + epk) 


C£,jk{z) ■ — 

^eJN^z') . 


(1 + - (1 + epky 

^ , 1<J<N . 


, 1 < fc < - 1 ; 


1 + e^j 

The following proposition is the key of the proof of Theorem 9. 


Proposition 4- — There exists a nonempty open subset of Xjq 
such that, for every A,p) G X^, the following properties hold. 

1 . The solution of the cubic Szego eguation with initial datum at 
time Ap satisfies 


Z 



u{s,^s, 6 ) + 0 ( 1 ) 


in as e and 6 tend to 0, where 
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2 . As e and 6 tend to 0 with e 6, 

^ (2 ’ ^)’ > 0 : ||m ’ \\h‘ > • 

Let us show how Theorem 9 is a consequence of Proposition 4. Let M 
be a positive integer and $ G and s > |. We may assume that 

s < 1. Choose an integer N such that (A^ — l)(2s — 1) > 2M + 1, and 
{^,1]) G Consider 

„(n) _ ^ 5^,51 ^ 

where 6n is a sequence tending to 0 such that 

pI 

e , e*^ —)■ e*®'’ , 

and where is dehned as 


^2a-l = ^2h = • 


Then Proposition 4 implies that 

1. := Z tends to n = m(s, $) in . 

2. The following estimates hold, 


Z 





\U 


Wl 




>a 


.2(A-l)(2s-l)-l 

On 


> 



This proves Theorem 9 with t^ = — 

The proof of Proposition 4 requires several steps, which will be achieved 
in the two next sections. 


6.3. Construction of the smooth family of data 


We hrst address the hrst part of Proposition 4. From Theorem 2, 


where 
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and 




with 




S’sA^) ■^s,s(z) 

Pa - abZ^2a-1^2be ^ ’ 

pI - 


l<a, 6 <g 


^S,e{z) = 




Pa - Sz{ l + epk)'^2a-ie~"^~ ^ 

pI - 6^{1 + epkY 
(5(1 + e^j) - abZ^2be~''^ ^ 


l<a<q 

l<k<N-l 


pa 


l<a<q 




hAz) = 


5\l + ei^Y-al 


l<j<N 

l<h<q 


and 


^.{z) = 


£2-2 

-i{ij-'nk)-i£— - - 


1 + e^j - z{l + epk)(i 

^(0 - hfc )(2 + £(0 + hfc )) 

Remark that from Theorem 5, the fnnctions 

n(s, (T,e-'^’-)i<,<2,) , (!/>,) e , 


2 1 


1 + e^j 


lie in a compact subset — a torus — of the manifold V(2g). This implies 
that the distance of the zeroes of the denominator det to the closed 

unit disc is bounded from below by a positive constant. As a consequence, 
the matrices (^s^eiz) are invertible with a bounded inverse, for every ^ in a 
hxed neighborhood of D. The hrst part of Proposition 4 is a consequence 
of the following lemma. 


Lemma 13. — There exists a nonempty open subset X'^ of X^, such 
that, for every p) G X'fj, there exist r^^ri > 1 and > 0 such that, 
for 0 < £ < the matrix ^£{z) is invertible with a bounded inverse for 
every z such that \z\ < r^^r/- 

Let us admit this lemma for a while. Using it, we can easily describe 
the inverse of the matrix 'Tifs,£{z). 
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Lemma — For every r/) e there exist > 1 and 7 ^^^ > 0 
, such that, for every z with \z\ < r^^rj, for every 6,e < the matrix 

is invertible with a bounded inverse . The inverse of the matrix ^s,e(^) 
is given by 




\-i 




Furthermore, 


2eS^ 


= u{s, ^s,e) + 0 ( 1 ) 


in Cff as e and 6 tend to 0 , where 

p] _ .4 

'^5,e,2j = '^2j^ , '^S,e,2k-l = ^2fc-ie*2e5 


Proof. — The invertibility of the matrix ^s,e{z) for ^ and e small enough 
and l-^l < r^^r] comes from the already observed invertibility of ^ 5 ,£( 2 :) in 
a neighborhood of D, with a bounded inverse, and from Lemma 13. In 
the next calculations, we drop the variable ^ for simplicity. 

Write, for Xg, X' e W, Y^, e M^, 




so that 


Ss,,Xg + Js,eYN = 

t^5,eXg+^%Y^ = Y^. 

and solve this system to get 

Yn = 

/fe.Y, = Yi - S,Y,/i-\YZ) 

and eventually 
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It gives the formula for the inverse. Furthermore, as 5,6 tend to 0, we 
obtain 

This completes the proof of Lemma 14. □ 

The proof of the first part of Proposition 4 is thus reduced to the proof 
of Lemma 13, which we now begin. 


Proof. — Recall that 

... , . 

1 + efj — z{l + 2 1 


%{z) = 


From Cramer’s formulae, 

1 * 

- Co'^ef^;), 

det%iz) ^ ’ 


1 + efj 


l<j<N,l<k<N-l 


where Co denotes the matrix of cofactors. As the coefficients of ^e{z) 
are polynomials in of degree at most 1, the coefficients of Co%(z) are 
polynomial in 2 ; of degree at most A^—1. Moreover, these coefficients grow 
at most as Hence, it suffices to prove that, for in a suitable 

non empty open subset of Aat, the family of polynomials defifslz) 
converges, as £ tends to zero, to a polynomial of degree — 1 having all 
its roots outside a disc of radius ,, > 1 . 

Let us compute 

Pif^rdiz) = dei^^eiz) 

£->■0 

0 ~ Vk J l<j<N]l<k<N-l 




Notice that the determinant in the right hand side is a polynomial in z 
of degree N — 1 whose coefficient of z^~^ equals 




) det 




0 VkJ l<j<N-,l<k<N-l 
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With the choice ^ = ^* = (27r(A^ — j + ^))i<j<N^ determinant is 

1 


(- 1 )^-^ det 


0 VkJ l<j<N;l<k<N-l 


La 


Developing this determinant with respect to the last column, we are led 
to compute Cauchy determinants. Let us recall that a Cauchy matrix is 

a matrix of the form ( -—1. Its determinant is given by 


“ 1 “ bk 


(6.3.1) 


det 


U^<Mi-aj)Uk<lih-k 


^ttj + bkj Ilj,ki^j + bk) 

In view of this formula, we get 
1 


det 


1 a I — 


0 VkJ l<j<N;l<k<N-l 

~ '^k<e(Vk — Vi) 

^ Uj^r,ki^j - Vk) 

_ ni<fc<A-l(^»’ ~ Vk) ~ ^j) Y\k<tiVk ~ Vi) 

Ilj,kiQ - Vk) 

and we observe that every term in the sum is different from 0 and has the 
sign of (—1)^“^. Therefore this quantity is not zero. On the other hand. 
Theorem 2 tells us that the roots of det are located outside the unit 
disc. Hence all the roots of P{^,r]) belong to {z, \z\ > 1}. Furthermore, 


PiC,v){z) = det 


A-l 


0 VkJ l<j<N;l<k<N-l 


LA 


JJ(1 


k=l 


The above calculation shows that P{^*, rj) has iV — 1 zeroes which belong 
to the unit circle, namely e“*^'', k = 1,..., — 1. Fix rj* G such 

that G Tjv and rjl ^ rji mod27r for every k I, so that these 

A^ — 1 zeroes are simple Hr] = t]*. By the implicit function theorem, there 
exist a > 0 such that, if |^ — ^*| < a and \ti — t]*\ < a, the polynomial 
F(^, 7]) has N — 1 simple zeroes {zk{i, rf)] l</c<A^ — 1}. The hrst part 
of Proposition 4 is a direct consequence of the following lemma. 
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Lemma 15. — There exists a nonempty open subset of such 
that, for every (^, 17 ) e for k = 1,..., N - 1, \zk{^,r])\ > 1. 

Proof — The functions ^ t—)■ Zk{^,ri) are analytic and satisfy 

kfc(^,h)r > 1, kfc(r,h)r = 1 • 

Denote by Qk{^,v) fhe Hessian quadratic form of the function 

We know that Qk{^*, v) is a nonnegative quadratic form. We claim that, 
for any k, Qk{^*,v) is not 0 for 17 in a dense open snbset of the ball of 
radins a centered at p*. If this claim is correct, then, for snch p, for ^ close 
enongh to snch that ^ — does not belong to the nnion of the kernels 
of we have \zk{^,p)\ > 1 for /c = 1,..., iV - 1. 

This provides us with the nonempty open snbset Xff in the lemma. 
Therefore it snffices to prove that the Laplacian of 1 —)■ Izki^jp)]"^, which 
coincides with the trace of Qk{^,v), is not 0 identically in 77 for .^ = ^*. 
Let ns compnte A{\zk\‘^){^*,p). 


N 

j 


f\zk\ 





dzk 




l€=5* 1=1 \ ^ 

Differentiating the eqnation P{^,p){zk{^,p)) = 0, we obtain 

. 2 

dzk _ % d‘^Zk 

dP ’ 




f 


Tfp d'^p dP 
% 2 


dP\^ d'^P 
dij) dz^ 


dP 

dz 


i& m 


9P^3 


Introduce the following quantities. 

1 . (f I 


Djk 


D : = 


Ck ■= 


a-ik ■— 



, Iw-i 



r^j,li^k 

~ Vi} l<r<N,l<l<N-l 


e 2 


N 


Iw =y^{-iy+’^D,k, k = l,...,N-l, 


i=i 


I — Qi{vi-vk) 2i pin ' 


2 
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Notice that Re{aik) = 
Differentiating 


= det 


1 _ 


, I , 


/ l<i<Y;l<fc<A-l 

one gets, after some computations, 

/^P 

= -e^^'^CkD , 

— 

2i 


^ = t{-iy+'^D^,Ck , ^ 

,f=^*.^ = 2,. OZ ^^=^*,Z = Zk 


\^=i*,Z = Zk 

d^P 


^0 ^i=i*,z=zk 

d^P 


= {-iy+%D,k 1 




r,pi{vl+Vk) 


dz"^ ^i=i*,z=zk ~ 1 - e*D*-^fc) 


l^k 


and 


d^P 

'90'9^,^=.*.2= 


= (-D'-T.T.e- h + 77— - »E — 

\^=e,z=Zk \ Sj 'Ik j- « 


i{m-Vk) 




l^k 




C -rji 1 - e'izn-Vk) 


= Cke^^'^ I {-ly^'^D,, (^ + 

S 7 Ik 


“E“‘d + E(-iU't, 

l^k / l^k 


l^k / l^k 

Hence, inserting these formulae to compute the Laplacian, we obtain 
d^Zk\ f^ir„dW\ 


a - vi 


+ iOjlk 


Re Zk 




= Re e 




=: Ij + Ilj + III, 


with 


_d‘^p' 

y = Re I1 = {-iy+’^^ 


dz 


D ’ 
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IL = 2Re e 


d^P dP 
d^jdz d^j 


= 2Re 


(f)' 


R )2 


(iV 




and 


II Ij = -Re 


/ ( dP\^ d^P \ 




8 P _ 

) dz^ 


dP\^ 

dz ) 


= Re 


2 Ez^fc o.ikD'^jk \ _ (.j o^ 


R )2 


= (iV- 2 ). 


R )2 


Remark that 

A-l 


X;(-lUT„ = D- (-lU«det (^) 

z=l kSr 'll/ r^j 


Putting these identities together, we obtain 


2^ 


^ V 2 , 


^ j f) f) f) 

j=i \i=i 




C* - Vi 


R remains to check that the following analytic expression in 77 , 

N 

{-l)'^+^Y.D,kdet 


i=i 


C - Vi 


r/j 


is not identically zero. This follows from the fact that the limit as rj^ 
tends to inhnity of 
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equals 


N 


J^det 


i=i 


Ar - Vl 


La 




which is clearly not zero . 

This completes the proof of Lemma 15, hence of the first part of Propo¬ 
sition 4. □ 


Remark 3. — At this stage, let us notice that the above construction 
would break down if, instead of formula (6.2.2), we used for the more 
natural choice 


u ((s, (5(1 £^i), (5(1 erji ),..., (5(1 -1- (5(1 st^n)) 1)), 


with real numbers .^i > rji > ••• > > 7]^. Indeed, in that case, the 

corresponding matrix would be 


1 -h efj 


■If \ ■ 

z(l + 


e{fj-r]k){2 + e{fj + r]k)) 


and, as e tends to 0, its determinant would be eguivalent to 


1 

{2e)^ 


det 


ze 




0 - Vk 


The product of the N zeroes of the polynomial in z in the right hand 
side is clearly of modulus 1. Since, from Theorem 2, all these zeroes 
live outside the open unit disc, they have to be located on the unit circle, 
which is precisely the opposite of what we want. 


6.4. The singular behavior 

Let us come to the proof of the second part of Proposition 4. We are 
going to focus our analysis near the point z = 1, where the singularity of 
u^'^{z) takes place. To accomplish this, we introduce a localized version 
of the norm. Given s G (|, l), it is classical (see e.g. [39]) that, for 
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every u G the following equivalence of norms holds, 


. n=l 






/ 


where L denotes the Lebesgue measure on C 
holomorphic derivative of u. 


\ 

dL{z) 


/ 




= and u' denotes the 


Given a small constant 6^ > 0 to be hxed later, we introduce the following 
subset of ©, 


De,e := { 2 : G C : |z| < 1 , \z — 1\ < , 

and the corresponding localized norm. 



so that we have the following inequality, 

Vm G hf_|_ , ^ IIMII. 

Notice that an elementary computation yields 



\ 


1 

2 


dL{z) 






/ 


The second part of Proposition 4 therefore comes from the following 


Proposition 5. — There exists 6* = > 0 and a dense open 

subset X'j!! such that, for 6 < 9*, for every {^,ri) G X'fl , 

\fzeD„,, , , 

for some C^^ri > 0, uniformly in 5 , e such that £ -C 5 <C 1. 

Indeed, the proof of Proposition 4 is completed by denoting by the 
intersection of X'ff and the nonempty open subset provided by the 
proof of the hrst part of the proposition. 
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Let us prove Proposition 5. Deriving with respect to the formula (6.2.2) 
giving we get 


(6.4.1) 
where 

(6.4.2) 


with 

(6.4.3) 


[u 




-1 


1 a 




-1 


■^9 

1 a 








/ <Tfe4'2a-l4/2bA 

V Pl-(^b ) 


5 

l<a^b<q 


(6.4.4) 

(6.4.5) 

(6.4.6) 

^ejk • 


j _ (( ^(1 + er]k)'^2a-i \ 

\\pl-n^ + eVk?) 


,0 


l<a<q' 


l<a<g 


^5,e — 


( 


0'b'^2b 


+ ^ 0 )^ ~ ^bJ l<j<N 
l<b<q 


1 + erjk 


(1 + - (1 + 

Let us introduce the following notation. 


‘^e i.^Stjk)l<j,k<N j 


, 1 < k < N — 1 , CgjAT := 0 , 1 < j < iV . 




-1 


1 a 


X‘/(z) 


and 

It gives rise to the following equations 


■^9 

1 a 




^{Z)X^/{Z) + £/s,e{z)yNiz) = 
^s,e{z)X^/{z) + ^s'^e{z)Y^\z) = In 
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Hence, setting 

■= ^{z) - 6£/s,s{^)'^s{z)~^^5,6{^) , 

we obtain 

( 6 . 4 . 7 ) - 5^sA^)'^e{z)-hN 

( 6 . 4 . 8 ) ^^s,eA)Xf%z) = 1 , - S^^s,eAy%A)~'^N 

( 6 . 4 . 9 ) Yy;%z) = 5 %{z)-\1n - ^sA^X^^A)) 

( 6 . 4 . 10 ) Y^Az) = 6 ^%{z)-A1n -* ^sAAX^AA)- 
Our main analysis lies in the following approximation result. 

Proposition 6. — For the norm L°°{DgA! with 9 < 6*{Av) small 
enough, we have, uniformly in S,e such that e S 1, 

X‘/(z) = .f(l)-‘*<, + 0(i) 

Yt(z) = aS%(z)-HlN) + O (^AA 
r/{z) = fis‘<e,{z)-WN)+o (AA 


where 


a : 

ft: 


1 - 
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Proof. — The proof involves several steps. The hrst one consists in a 
number of cancellations in the action of the matrix on some 

special vectors. From the formula giving we have 


K(l) = 


.2 + + %)/ l<j<N\l<k<N-l + ^^3 / 1<3<N^ 

which is a Cauchy matrix. From Cramer’s formulae and formula 6.3.1, 
the inverse of a Cauchy matrix is given by 

-1^ 


(6.4.11) 

with 

and 


ttj + 


-ly+k. 


A, = 




kj 

Yliiaj + bi) 


T bk 


kj 




nz(®; + ^k) 


Y[i<k(^i ^k) Y[r>k(^k by.) 

Applying this formula to '^e(l) with 

ttj = 1 + efj, I < j < N, bk = 1 + erjk, 1 < k < N — 1, = 0, 

we get 




(-l)^'+^Aj(£)/ifc(£) 

2 + ^(0 + Vk) 

1 + efj 


if A; < iV - 1; 


with 


and 


^ Si 




r][{l + er]k) 

where we have set 




i<j 


r>j 


i<k 


r>k 
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Finally, introduce the following special vectors Kn(e) and Wp{e) in R^. 

Vm{e)r. = {l + ei,r , m>Q , 3 = 1,...,N, 

hFp(e)fc : = (1 + £? 7 fc)^(l — 5kN) , P > 1 , hFo(^)A: := 1, , A; = 1,..., iV, 

where 5kN denotes the Kronecker symbol. 

Lemma 16. — The following identities hold for every {^,ri) G Xn, uni¬ 
formly in e 1. 

(6.4.12) (*i(l)-‘(l„)), = (-l)''+yi(£) , 1 < 1; < Af . 

(6.4.13) (‘*;(1)-‘(1«))^. = (-1)'+L,(e) + O ,l<j<N. 

Furthermore, for every {^,ri) G X^, there exist a constant and 
such that, for the norm with 9 < 9* {^,7]), uniformly 

for 0 < e < 1, we have the estimates 

(6.4.14) |*;(^)-‘(K..(e))| < , m > 0 . 

(6.4.15) |<*’.(j)-'(lV,(e))| < Cj,,h±!Alf , p > 1 . 

(6.4.16) |(*;(^)-‘(v;»(<;)).nv(‘^)>l < 0,,(1 +&)’”(! +'ll)".™.?> 0 ^ 

Proof. — The main algebraic cancellation is displayed in the following 
lemma. 


Lemma 17. — Let a, b with 0<a + b<N — 1, 


N ta 

E(-i)4 E (!!«•) = 

i=l |/|=6,/C{l,...,Ar}\{jr} iei 


0 

-1 


i/0<a + 6 <iV — 1 
if a = N — l,b = 0. 


Analogous identities hold for the rj’s. 


Proof. — We view 

N ta 

E (If?.) 
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as a rational function of denoted by Qa,b{^N)- Its poles are simple 
and equal to ..., ^n-i- Identifying the residue at each of these poles, 
we get 


R.es(Qa^b, ^7V ^j.) 


/'C{1.iV-l}\{r} 


(Hig/''Ci)'Cr- + X]|7|=: 


|7|=6,/C{l,...,iV-l}\{r} 


(riig/ 




N—l>j>r 


i^r - ^j) 




ni<Ar,i7^r(^* ^r) 


= 0 . 


Hence Qa,b{^N) is in fact a polynomial. If a + fe<iV — 1, it tends to 0 
as tends to oo, therefore it is identically 0. If a = At — 1 and 6 = 0 it 
tends to —1. This completes the proof. □ 


Let us come to the proof of Lemma 16. From the formulae giving 
K(l)■^ we get, if A; < At - 1, 


(V.(l)-'(1„)), = (-1)V,(£)5^ 


(-irv(£) 

^ 2 + e{^j + rjk) 




1=1 


■’1 l^k 


Aj + vi 


and 


:-!)>»(£) E 


(-irAj(£) 
it 1 + Aj 

(-!> 


N-l 


:-irM£)p^rTE^n(i + 

.7=1 ;=i 


Aj + Vi 


Expanding in powers of e the above formula giving ('^£(1) ^(Iat))^, and 
using Lemma 17 with 6 = 0, we infer 


(K(I)-'(Ia)), = i-lA^Akis) , k<N , 
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which is (6.4.12). We now compute ^(l)(lAr) in a similar way. 


e 

^N-\ 


(■«i(l)-‘(l„)) = (-1 )Tj(£) 


+ 


2 + eiXj + r^fc) 1 + j 

=: {-iyX,{e)S,{e). 

We expand in powers of e and use again Lemma 17 with 6 = 0, changing 
N into N — 1. We get 


S,(t) = 




rN-2 


E 


k=l 


= {-lf + 0{e) + 


¥=3 _ 

rj'yi + erjk) 
2 


tN-2 




k=l 


+ {-ir +0{e) 


p+q 

p+q=N-2 ^ 


= -l + 0{£). 

As a consequence, we infer 

(‘«;(i)-‘(i»)), = (-ir+‘A,(£)(i + o(T)), 

which is (6.4.13). We next prove (6.4.14) and (6.4.15), in the special case 
z = 1. Notice that the cases m = 0 and p = 0 were addressed above, so 
we may assume m,p > 1. We have 

2^-1 


{%{!) {Vm{£))k = (-1) Pk{£)j];^hm,k{£,^,v), 


with 


N 


1 X—V 11 


1 + £ 


^3+Vl 


hm,k{£,^,'n) ■= < 


J=1 




N 


f i=i 




ij+Vl 


e' 


if A: < 


if A: = 


Notice that hm,k is a holomorphic function of e. From Lemma 17 with 
6 = 0, the derivatives dlhm,k{0,^,ri) vanish for r < A^ — 1. Therefore, 
from the maximum principle, 

(6.4.17) '''"‘•'=(^•(•’'*1 < sup |ft„.i.(C,C>))l < Ce..,(l+?ir . 0 < s < 1 . 

£ ICI=i 


+ 0{£^-y 
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This provides estimate (6.4.14) for z = 1. Estimate (6.4.15) for 2 ; = 1 is 
obtained in the same way, by observing that 




V,(l) \Wp{e)) = p > 1 , 


where we have set 


9p,j{£,^,v) ■= 


e 


n-2 ^-1 


2N 




k=l 


+ eVkY 

2 + e{^j + rjk) 


N-l 


1'^, 




k=l 


Vk 


-{i + s^kY 


and proving in the same way that 


\9p,jY^v)\ ^ \9pj{CA,v)\ < C^,vY + ViY Y 

£ |C|=i 

As for (6.4.16) for = 1, we compnte 


')2N-l 


(C,(1)-'(K„(t)),W^p(£)> = , 


where 


fom{£,i,ri) = 
1 
2 


.,, ( 1 +n^^,(i+£^) n.(i+ 


(1 + £'nk)Y,ik 


E (-It’"* 

l<j<N,l<k<N-l 

^£E! n£i(l±£0 v,_i v+»£±£hElUi±£ziz) 

nrT(i+^>riti « 


=: fom(,£,^,v) + (-1) 


2"^ Ul-i\l + evi) 


hmNif-i ) h) 1 


and, for p > 1, 

fpm{£i ^iV) 
1 
2 


E (-1) 

l<j<N,l<k<N-l 


( 1 ++■;^) n.(i+ 




Since we already proved in (6.4.17) that 

\hmN{£,i,9)\<C^pe^-\^ + iir . 
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estimate (6.4.16) will be a consequence of 


for m > 0,p > 1. Notice that fomiCy ^v) fpm{Cy v) holomorphic 
function of C for |C| < £*. Using again the maximum principle, the proof 
of the lemma will be complete if we prove that for any 0 < r < 2N — 3, 
all the derivatives dlfpm{0,^,7]) and dlfom{0,^,7]) vanish. 

Indeed, such a derivative involves a sum of terms 


„ (-l)j+fcg,,< 

l<j<N,l<k<N-l fk 


Yi 

|i|=c,|71=£i l£L iel 

k^L 


with a + t + c + d = r< 2N — 4. We symmetrize this expression by 
writing 


\I\=d iGl nud-l i&l \l\=d i£l 

oil 3^1 


which gives rise to a sum of terms 


„ (-l)j+fcg< 


Yi 

|il=c,|7i=£i zgl ie/ 

k^LJ^I 


with a + t + c + d = r< 2N — 4. Expanding everything, we have to 
calculate 


l<j<N,l<k<N-l ^3 fk 


Y, If’"!!?* 

\L\ = c—s,\I\=d—u l£lj i£l 
k^LJ^I 


with either a + s + d — u < N — 1 or t + u + c — s < N — 2 since 
{a + s + d — u) + {r + u + c — s) = a + t + c + d < 2N — 4. Using Lemma 
17, we get that all these terms vanish. 


Finally, we show how to pass from estimates (6.4.14), (6.4.15), (6.4.16) 
for g = 1 to uniform estimates for g G Dq^^. We write 

= *^(1) + (1 ~ 

= + {1 - z)%{l)-^%) 

= {I + (1 - . 
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In view of the expressions of and of we have 

Conseqnently, for 2 ; G Dq,,, we have 

|i - ^|(|*i(i)-V,| + |*i*Ki)''l) < < \ 

if 6* < 9* {^,7]), and the matrices 

5 ,(; 2 ) :=/+(!- , Se{z) :=/ + (!- z)%%{l)-^ 

are invertible, with 

|^,(z)-i| + |4(^)“'| <2 

Estimates (6.4.14), (6.4.15), (6.4.16) on are then conseqnences of 
the estimates for z = 1 and of the identities 

%(z)-^Vm(s) = S,(z)-^%(l)-^Kn(s) , 

%(zr'Wp(e) = S,(zr'%(ir^Wp(e) , 

and 

(%(z)-^V^(e),W,(e)} = (S,(z)-^%(l)-^Kn(e),W,(e)} 

= (%(l)-^Kn(e), Wp(e)} - (1 - z)(^M(ir'S,(z)-%(ir^Kn(e), %(l)-^Wp(e)} . 
This completes the proof of Lemma 16. □ 

As a conseqnence of Lemma 16, we get 

Lemma 18. — For 9 < 9*{^,ri), the following matrix expansions hold 
in L°°{Dg^e) as e, 6 tend to 0. 

<,(Z)K(^)“' = (-) %iz)-\lN) + O 

\Pa/ l<a<q 

%{z)-^t^sA^) = K(^)-'(1a)® +^(^) 

Furthermore, for z G , the vectors 

<.(^)K(^)"'(1a), *^y,(z)V,(z)-'(l^) 

and the matrix 

are uniformly hounded as e,5 tend to 0. 
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Proof. — Recall that 




f f pa - 5z{l + er]k)'^ 2 a-i '\ f ^ 

V V Pa - ^'(1 + ’ \Pa)^<a<qj 

f (5(1 + ejf) - o-bZ'^ 2 b '\ 

V 6^{1 + efj)^ - ^WA' 

l<b<q 


Expanding in powers of 6, we obtain 


■^sAA = X] A , KA^ A ■= UpA) 0 Wp{e), p>o, 


p =0 


hAA = X] z) , z) := VAA ® TAz) , m>0, 


m=0 


where we have set 


/r 1 


Up{z) := 


, if p is even, 
pa 


^'h 2 a-l -r • 11 

—if p IS odd. 


VI p; 

({ Z'^2b 


l<a<^ 


TAz) ■= 




m+1 


if m is even, 






.m+1 


if m is odd. 


l<b<q 
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Using these formulae, we get 

CXD 

p=0 

oo 

m=0 

CXD 

CXD 


m=0 


s^Uz)%{z)-^^sAz) = Y. {%{z)-W^{e), W^{e))Up{z) 0 T^{z) . 

p,m>0 


The statement is then a direct consequence of Lemma 16. 


□ 


Let us complete the proof of Proposition 6. In view of Lemma 18, and 
of formulae (6.4.7), (6.4.8), (6.4.9), (6.4.10), we observe that 

/,,,(^) = S{z) - 5s^sA^)^e{z)-^^sA^) = + 0{5) 

is invertible for 2 ; G and 6 and e small enough, and we get the 
formulae 

^q%z) = ^sAz)~^{^ci- ^■S^5,e{z)%{z)~^lN) 

^t(z) = *Ae(^)-'(l.-^*^5,.(^)*K(^)-'lA) 

Y^’^(z) = 6%(z)-\ljv-m,s(z)X^’^(z)) 

Yji’^z) = 5V,(z)-'(U-*<,(z)Xf(z)). 

Furthermore, observing that ^(^) is invertible for z in a hxed neighbor¬ 
hood of D, we have, if 2 : G Zle,£ , 

Applying again Lemma Lemma 18, this completes the proof. □ 
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Let us complete the proof of Proposition 4. Proposition 6 and the 
expression of lead to 




y^iz) J ’ V (^) 

f + 0{6) 


\ a5%{z)-^{lN) + O f J ’ /35^%{z)-\1n) + O f 



^^iz)-H, + OiS) 


5^ 



Observing that 

we infer, if e <C 5, 

(u^n'iz) = 


0 ( 1 ) 0 { 6 ) 
0(1) IK 


0(1) 0(5) 

^(1) 



<52 


0 ( 1 ) 


0 ( 1 ) + a%%{z)-\lN) + o (p^) J ’ V \1n) + o 



= a(]6{%%iz)-\l^),^%iz)-\U)) + O 


52 


£2(N-1) 


Furthermore, writing again 

%{z)-^ = S,{z)-^%{1)-^ = K(l)-' - (1 - z)%%{ir^S,{z)-^%{l)-\ 

we infer 

(u‘n'{z) = aPS{KV,{l)-'{lN)‘K{ir'M} + o ■ 

We claim that the product 




«/3 = ( 1 - ( ^ 1 - (( - 






.Pa 


is not zero. Indeed, write Zi, := S’ so that, for a = 1,..., g. 


Pa — (^b^2a-1^2b ry _ 

- 7 ^ -2- ~ ^2a-l 

.= 1 


Y. 


or 


Pa'^^2a-l ~ <^b^2b ry ^ ^ 

2^ -^F3:;2- yb = i, a = l,...,g. 


b=l 


Pa - W 


(6.4.18) 
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Assume a = 0, namely 
(6.4.19) 


O'b 

b=i ® 


Then substracting (6.4.18) from (6.4.19) leads to 


p-Yl 


pa - ab'^2a-1^2b 


b=l 


Pa ^b 


C^b 


= 0 , a = 1 ,... ,g. 


This is a contradiction since, from Theorem 2, the matrix 

Pa - 

Pa ~ ^b ) l<a,b<q 

is known to be invertible since '^ 2 a-i '^ 2 b complex numbers of 

modulus 1. We conclude that a 7 ^ 0 . A similar argument leads to /3 7 ^ 0. 
Eventually, we calculate 

l<fe<JV-l 

22(A-1) 

= £ 2 (A- 1 ) 

Considering the analytic expression 

E E 


(l)i+fc 


vl<j<A l<fc<A-l Vk)^jVk 

(l)i+fc 


7Tr + ^(^) • 


l<j<A l<fc<A 


- Vk)^jVk 


as a function of the pole Pn-i appears only once. Therefore this 
quantity does not vanish if (,^, p) belongs to an open dense set X'j!J of V. 
In that case, if 0 < p) small enough, and e 5 1, we conclude 

This completes the proof of Proposition 5. 

□ 









CHAPTER 7 


GEOMETRY OF THE FOURIER 
TRANSFORM 


This chapter is devoted to the proof of two results. The first one de¬ 
scribes the restriction of the symplectic form to the finite dimensional 
manifolds made of symbols corresponding to pairs of Hankel operators 
with a given finite list of multiplicities. These manifolds turn out to in- 
volutive, and are the disjoint union of symplectic manifolds on which the 
nonlinear Fourier transform defines action angle variables for the cubic 
Szegd flow. The proof of this result uses the evolution of the nonlinear 
Fourier transform through the flows of the Szegd hierarchy introduced in 
[11] and used in [14]. The second result characterizes the sets of sym¬ 
bols associated to pairs of Hankel operators with the same singular values 
and Blaschke products admitting a given set of zeroes, as classes of some 
unitary equivalence. These sets are precisely tori obtained in the above 
symplectic manifolds by hxing the action variables and making angles 
vary. 


7.1. Evolution under the Szegd hierarchy 

The Szegd hierarchy was introduced in [11] and used in [12] and [14]. 
In [12], it was used to identify the symplectic form on the generic part 
of V{d). Similarly, our purpose in this section is to establish preliminary 
formulae, towards the identification of the symplectic form on V[di,...,dn) 
in section 7.2. 
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For the convenience of the reader, we recall the main properties of the 

1. 

hierarchy. For i/ > 0 and u G we set 

Notice that the connection with the Szego equation is made by 

- (9U|Uo)') ■ 

Thanks to formula (3.2.7), J^(m) is a function of the singular values 
Sr{u). For every s > |, is a smooth real valued function on and 
its Hamiltonian vector field is given by 

Xjy{u) = 2tywyHuWy , vjy := (/ + yHl)-\l) , 

which is a Lipschitz vector field on bounded subsets of H^. By the 
Cauchy-Lipschitz theorem, the evolution equation 

(7.1.1) U = Xjy{u) 

admits local in time solutions for every initial data in 77^ for s > 1, and 
the lifetime is bounded from below if the data are bounded in H^. We 
recall that this evolution equation admits a Lax pair structure ([14]). 


Theorem 10. — For every u G 77^, we have 


h,xmu) = H^py + Fyn^, 

K,xmu) = K^GI + GIK^, 

G\{h) := —ywyil{wyh)+y‘^HuWyil{HuWyh) , 

Fl{h) := Gy^{h)-y\h\H^wy)H^wy . 

If u G G°°(X, Hf) is a solution of equation (7.1.1) on a time intervalX, 
then 


dHu 

dt 

Bl 


[BIH^ 

-iFf , 


dK.„ 


dt 

Gf, = -iGl 


= [Cl A'J , 


In particular, Sh(mo) = XH{u(t)) and T,k{uo) = Xx^uit)) for every f, 
therefore jy{u{t)) is a constant jy. We now state the main result of this 
section. 
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Theorem 11. — Let uq G , s > 1, with 




The solution of 


is characterized by 


$(M(t)) = 


ii = Xjy{u) , m( 0) = Mo , 


((Sr), 


AuJrt 


^r)) 


U, 


■■= (- 1 ) 


r—1 


2yJy 

^ + ySr ' 


Proof — Let p G Yiniuo). Denote by Up the orthogonal projection of u 
on Eu{p). Hence, Up = ll{p 2 }(iL^)(M). Let us differentiate this equation 
with respect to time. We get from the Lax pair structure 

Since B^(l) = iyj^w^. and since we get 


(7.1.2) 




dt ■ 

On the other hand, differentiating the equation 

pUp = '^Huiup) 

one obtains 

= WUup) + » f [Bl, Hp](up) + Hp f 


dt 

Hence, using the expression (7.1.2), we get 

. yJ^ 


P ( Bl{up)+i ^^'^ 


1 + yp 


2 p 


= ^ 


1 + yp^ 


\ dt 


^ H^iup) + '^ByMup), 


hence 


IB«, muK) =('!'- 


l + yp^ 

It remains to prove that the left hand side of this equality is zero. We 
hrst show that, for any p G D such that Xp H a factor of y, for every 
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e G Eu{p) such that Xp^ ^ Eu{p), [i?^,Xp](e) = 0. We write 

*[^«Wp](e) = -yvjy {U{U]y Xpe) - Xp'^i^e)) 

+ y^HuW^ {Jl{Huwy Xpe) - Xp'^^iHuwy e)) 

- y^{{Xpe\Huwy)Huwy - Xp{e\Huwy)Huwy) 


We already used that, for any function / G Il{xpf) — Xp^if) is 
proportional to Hence, we obtain 


i[Bl,Xp\{e) = -yvjy +y‘^H^wy 

1— pz 1— pz 

- y‘^{{Xp(i\Huwy)HuW^ - Xp{.e\Huw'^)Huwy) 


with 


c= (n(u;2^Xpe) - Xpn(u;2'e)|l) = (Xpe|u;^) - (xp|l)(e|M;2/) 


and 

c= {Yi{HuWy Xpe)-Xp^{HuWy e)\l) = (xpe|hf„(M;^))-(Xp|l)(e|hf„(M;^)) . 
Now, for any v G Eu{p) 

= W{p2y{Hl){wy)) = 

hence c = 0. On the other hand. 




l + yp- 




^ z\HM) = 


1 +I/p2 


1 + I/p 2 


We infer 


l + yp- 


;y‘^Huwy 


i[BLXp]{e) = Ciz) 
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where 

C{z) = {{l\Hu{Xpe)) - {Xp\^){^Hu{e)) - {l\Hu{Xp(^) + Xp{^Hu{e)) 

-L 

= (l|-f^«(Xpe))( _ - 1) + mHu{e)){xp + . 

-L -L 

= 1 ^- {p{^\Hu{Xpe)) + (l|i/«(e))) . 

X 

We claim that Hu{e) = XpHuiXp^)- Indeed, from the assumption e G 
Eu{p) and Xp^ ^ Eu{p), we can write e = fHuiup) with n(\l//) = \1// 
and n(\['Xp/) = IhXp/- From Lemma 7, we infer 

HuiXpe) = p^XpfHuiup) , i7n(e) = p'^jHuiup) . 

This proves the claim. Since (l|Xp) = ~P, we conclude that C{z) = 0. 
Hence [i?^,Xp](e) = 0. Arguing as in the previous section, we conclude 
that [Bu,x]Huiup) = 0 . 

It remains to consider the other eigenvalues. Let a G Ex (no)- Denote by 
u'^ the orthogonal projection of u on Fu{a). We compute the derivative 
of u'^ = Il{o- 2 }(iF^)(M) as before. From the Lax pair formula, we get 

dii^ 

= CIM + - Cl{u) - H^{BI{1))) 

= cyM + ^{,2^{Kl){iy\u\H^wy)H^wy + lyjyR^wy) 

= cyM + ^yh<^-}{Kl)Huwy 


since {B^ 

-cyjih) 

= iy'^{h\Huwy)Huwy 

and -yH'^ 

{u\ - yHu 

vjy) = (— 

yH^,wy\i) = jy - 1. 


We claim that 



(7.1.3) 



jy , 

1 + ya^^^ ' 

Using Kl 

= Hl-i 

■\u)u one gets, for any f ^ L'^ 


(7.1.4) {I + yHl)-^f = {I + yKl)-^f-y{{I + yHl)-^f\u){I + yKl)-^u . 


Applying formula (7.1.4) to f = u, we get 

HuVjy = {I+yHl)-\u) = {I+yKl)-\u)-y{{I+yHl)-\u)\u){I+yKl)-\u) , 
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hence 

(7.1.5) H^wy = jy{I + yKl)-\u) . 

Formula (7.1.3) follows by taking the orthogonal projection on Fu{(t). 
Using Formula (7.1.3), we get 

(7.1.6) -f = C^ui<)+Wy—-,<- 

at 1 + ya^ 

On the other hand, differentiating the equation 

KuM = 

one obtains 

R,ifj«) + K, 

From identity (7.1.5), we use the expression of ^ obtained above to get 

0+< =(tr, <i>](«:,) . 

The result follows once we prove that [U^, d'](«(,.) = 0. 

From the arguments developed before, it is sufficient to prove that 
Xplif) = 0 for any / G F„(cr) such that Xpf ^ Fu{a). As before 

K, Xplif) = \ ^- y^y - iy^HuVjy 

1 — pz 1 — pz 

where 

c= iiXp- iXp\^))f\w^) 

and 

c = iiXp - ixp\^))f\Huwy). 

Notice that vjy = 1 — yHuVjy, hence c = —yc. Let us hrst prove that 
c = 0. Using formula (7.1.5), 

= (\'p|i))/l'“) = 0 . 

since, as we already observed at the end of the proof of Theorem 8 , 
F„(cr) n 1 -^ = Euia) = F^ia) Fl . 

This completes the proof. □ 
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We close this section by stating a corollary which will be useful for 
describing the symplectic form on V(di,...,d^)- 


Corollary 4- — On we have 


(7.1.7) 




jy 


E(-T 


2yjy d 
1 + ysl dipr 


The vector fields Xjy,y G M+, generate an integrable sub-bundle of rank 
n of the tangent bundle of V(di,...,dn)- The leaves of the corresponding 
foliation are the isotropic tori 


r((si,..., Sn), (d'l,..., d'n)) := $ 1 ({(si,..., s„)} X X • • • X 

where (si,..., s„) G fin ond ('hi,..., \h„) G x • • • x are given. 


Proof — For every y G M+, Theorem 11 can be rephrased as the follow¬ 
ing identities for Lie derivatives along Xjy. 

2vjy 

Xjy {Sr) = 0 , Xjy (Xr) = 0 , Xjy (fir) = (“I)'’7“- o ’ ^ = l,...,n . 

1 -h ys^ 

This implies identity (7.1.7) on V(^di,...,d„)- Given n positive numbers 
yi > ■ ■ ■ > yn, the matrix 

(^1 + l<l,r<n 

is invertible. This implies that, for every u G V(di,...,dn)i f^e vector sub¬ 
space of TnV[di,...4n) spanned by the Xjy{u),y G M+ is exactly 

span 

The integrability follows, as well as the identification of the leaves, while 
the isotropy of the tori comes from the identity 

{jy,jy'} = 0 



which was proved in [11] and is also a consequence of identity 3.2.1 and 
of the conservation of the sfis along the Hamiltonian curves of J^, as 
stated in Theorem 11. □ 
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7.2. The symplectic form on 

In this section, we prove that the symplectic form u restricted to 
is given by 

(7.2.1) u = ^ ^ ■ 

Recall that the variable tjjr is connected to the Blaschke product 
through the identity 

= e-^^^Xr , 

where Xr is a Blaschke product built with a monic polynomial. Given an 
integer k, we denote by BI the submanifold of Bk made with Blaschke 
products built with monic polynomials of degree k. 

Let us first point out that we get the following result as a corollary. 

Corollary 5. — The manifold V(di,...,d„) is an involutive submanifold of 
V{d), where 

n 

d = 2 dr + n. 

r=l 

Moreover, V(di,...,d„) is the disjoint union of the symplectie manifolds 
>V(Xl, ...,Xn)-= X X • ■ ■ X S^Xn)) , 

on which 



are action angle variables for the cubic Szego flow. 

Proof. — From the definition of an involutive submanifold, one has to 
prove that, at every point u of V[di,...,d„)-i the tangent space TuV(di,...,d„) 
contains its orthogonal relatively to u. We use an argument of dimension. 
Namely, one has 

dimR(T„V(di,...,d„))'^ = dim]RT„V((i) - dim]RT„V(di,...,d„) 

n n 

= 2d — {2n + 2 ^ dr) = 2 ^ dr . 

r=l r=l 
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One the other hand, from eqnation (7.2.1), the tangent space to the 
manifold 



is clearly a snbset of Since its dimension eqnals 2'^dr, 

we get the eqnality and hence the first resnlt. The second result is an 


immediate consequence of the previous sections. 


□ 


Remark 4- — A.s this is the case for any involutive submanifold of a 
symplectic manifold, the subbundle of TV(di,...,d„) is inte- 

grable. The leaves of the corresponding isotropic foliation are the mani¬ 
folds J^{u) above. 

Now, we prove equality (7.2.1). We first establish the following lemma, 
as a consequence of Theorem 11. 

Lemma 19. — On V(di,...,d„}, 


where, for any 1 < r < n, 

i a UJ = . 



Proof. — Taking the interior product of both sides of identity (7.1.7) 
with the restriction of uj to V{di,...,dn)-, we obtain 



On the other hand, from formula (3.2.7), 



Identification of residues in the y variables yields 
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Since 



this completes the proof. □ 

Since du = 0, we have du = 0. Combining this information with 
= 0 , we conclude that 

d-ipr 

U = 71*13 , 

where /3 is a closed 2-form on x Ylr=i > and 

7l{%l) . ((Sr(^))l<r<nj (Xr(^)l<r<n) ■ 

In order to prove that a) = 0, it is therefore sufficient to prove that a) = 0 
on the submanifold 

. 

V r=l 

given by the equations -ifir = 0 , r = 1 ,..., n. 

Lemma 20. — The restriction of u to V(dj,...,(i„),red is 0. 

Proof. — Consider the differential form a of of degree 1 defined 

{a{u), h) := Im(M|h) . 

It is elementary to check that 

-da = uj , 

hence the statement is consequence of the fact that the restriction of a to 
V(d„.. .,(i„),red IS 0. Let US prove this stronger fact. By a density argument, 
we may assume that n = 2g is even, and that the Blaschke products 
Xr{u) have only simple zeroes. Firstly, we describe the tangent space of 
V(di,...,d„),red at a generic point. We use the notation of section 4.1.2. 

Lemma 21. — The tangent vectors to V(di,,,,,d„),red at a generic point u 
where every Xr has only simple zeroes are linear combinations with real 
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coefficients of Uj,UjHu{ue),l < j,i < q, and of the following functions, 
for C G C and I < j, k < q, 

z .1 


Ux2k,d^) ■= (c 


-c- 


1 — pz z — p 


Uj{z)HuiUj){z) , X 2 j-iip) = 0 , 

T - . , zudz)Ku{u'f,){z) , X 2 k{p) = 0 . 

1 — pz Z — pj 

We assume Lemma 21 and show how it implies Lemma 20. Notice that 

{u\uj) = llujlp , {u\ujHu{uj)) = , 

{u\Hu{ui)uj) = {Hu{uj)\Hu{ui)) = 0 , j ^ i , 

and therefore a{u) cancels on Uj,UjHu{ui),l < j,i < q. We now deal 
with vectors itxrX- 




u 


1 — pz 


UjHu{uj) -Cm 


u 


" Huiu,: 


z — p 
2 


Ui 


= c ) - c 

where we used that Uj/{z — p) belongs to L\. Since H^Uj) = p‘jUj and 
= \^u{uj)\^ on the unit circle, we infer 


(«l%2,-i,c) = C Hu{uj) - - —Hu{uj) - C 


1 — 


I — Hu{uj 

1 — pz 


Hui^Uj 


and consequently 


(a(M),Mx2,-i,c) = 2Im C ( 


1 — Hu{uj 

1— pz 


which is 0 for every C G C if and only if 

2 ; 

Huiuj) 

Let us prove this identity. Set 


1 — pz 




HJui) = 0 . 


V : = 


-Huiuj) . 


1 — pz 

Notice that, since X 2 j-i(p) = 0, n G Eu{pj), and moreover 

(n|l) = n(0) = 0 . 
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Therefore 

{Huiuj)\v) = {Huiv)\uj) = iHuiv)\u) = il\Hl{v)) = = 0 . 

We conclude that 

(«(«),«X2,-i,c) = 0 • 

Similarly, we calculate 

(“I“x 2 k,c) = C (u y-^zu'i.K^(u'i,)^ -((u 

= c(a'„K)|^a-..K))-c(a'„K)|^^) , 

where we have used that Ku{u'i.)/{z — p) belongs to L^. We conclude 
that 

(«(“)>«X2fc,c) = 2Im C ’ 

which is 0 for every G C if and only if 
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This completes the proof up to the proof of lemma 21. □ 

Let us prove lemma 21. We are going to use formulae (1.0.5), namely 
U{z) = 

where 


^{z) = 


Pj - CZkZX2k{z)x2j-l{z) 

P] - 


If we denote by ' the derivative with respect to one of the parameters 
Pj, CTfc or one of the coefficients of the we have 

u[z) = -{^{z)-^^{z)^{z)-^{X 2 j-l{z))l<j<q, l) + {^{z)-^{X 2 j-l{z))l<j<q, 1 
In the case of the derivative with respect to pj, 

‘^{z)ik = 


p'j+^k- ‘^(^kPjZX 2 j-l{z)x 2 k{z) 
2\2 


(P? - ^l) 


Sij , 


and, using 


'^(^) (X 2 i-l(^))l<i<g = {u'k{z))l<k<q , (1) = {hj{z))l<j<q , 


one gets 


u(z = 


hj{z)'^u[ 


k\z) 
q 


(P? + - '^(ZkpjZX2j-l{z)X2k{z)) 


Hu{uj){z) ^ Pj+^fc t / N _2ou iz) V 

2-^ (rP — rr‘^\2^k\.^' zpjUj[Z) ^ „ _ 2\2 

yPj ^k> k=l ^Pj k> 


Pj 


k=l d k = 

Observe that 

zKu{u'k){z) = [SS*Huiui)]{z) = Huiui){z) - nl , 

and that is a linear combination with real coefficients of U£ in view of 
(3.1.6). We infer that, in this case, ft is a linear combination with real 
coefficients of Uj and UmHuiu(^). 

In the case of the derivative with respect to (Jk, one similarly gets 


u[z] = u 


'I \ I ^^Wi-l(^)X2fc(^)(pJ + (yl) - ‘i^kPi 

k{z)2^hj{z) - 


i=i 

9 t^2 I ^2 


(P? - 


zK^{u'2i{z) ^ {pj + (Tl)Uj{z) 


(Zk 




Hu ) ('^) 






rr (p? - 4r' 
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which is a linear combination with real coefficients of Uj and UjHu{ui). 

In the case of a derivative with respect to one of the zeroes of X 2 j-i, 
we obtain 

9 


u(z = 


J2u'kiz)hj 


,(^kZX2j-i{z)X2k{z) 


k=l 

X2j-l{z) 

X2j-liz) 

X2j-l{z) 

X2j-l{z) 

X2j-l{z) 

X2j-liz) 


P] - 


+ hj{z)x2j-i{z) 


Uj{z) 




.k=l 


(ZkZX2k{z) 

' p]--l 


+ 1 


Uj{z) z 


Ku(uj) 


-1 


+1 


/ \ Hu [uj ) 
Uj{z)- 


Tt 


In the case of a derivative with respect to one of the zeroes of X 2 k, we 
obtain similarly 

X2k{.z) u',^{z)zKu{u'^){z) 


u{z) = 


X2k{.z) 

The proof of Lemma 21 is completed by observing that, since Xr is a 
product of functions Xp for |p| < 1, Xr/Xr is a sum of terms of the form 

1 


-c- 


1 — pz z — p 


where ( '■ = p- 


7.3. Invariant tori of the Szego hierarchy and nnitary eqniva- 
lence of pairs of Hankel operators 

In this section, we identify the sets of symbols u G KMO+\{0} having 
the same list of singular values (s^) and the same list {xr) of monic 
Blaschke products, for the pair {Hu,Ku)- In view of Theorems 5 and 6, 
these sets are tori. In the finite dimensional case, they are precisely the 
Lagrangian tori of the symplectic manifolds IT(xi,..., Xn) of Corollary 
5, obtained by freezing the action variables. Moreover, I/MO+\{0} is the 
disjoint union of these tori, and, from sections 5.1 and 7.1, the Hamilton 
flows of the Szego hierarchy act on them. We prove that these tori are 
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classes of some specific unitary equivalence between the pairs {Hu,Ku), 
which we now dehne. 

Definition 2. — Given u,u E VMO+ \ {0}, we set u ^ u if there exist 
unitary operators U, V on such that 

Hu = UHuU* , Ku = VKuV* , 

and there exists a Borel function F : M+ -E- such that 

U(u) = F(H?)u , V(u) = F(Ki)u , U‘V = F(Hl)F(Kl) . 

It is easy to check that the above dehnition gives rise to an equivalence 
relation. 

Theorem 12. — Given u,u E VMO+ \ {0}, the following assertions 
are equivalent. 

1. u ^ it. 

2. Vr > l,Sr(n) = Sr{u) and G T ; \hr(h) = e*'’'’'\['r(n) • 

Proof — Assnme that (1) holds. Then is unitarily equivalent to 
and is nnitarily equivalent to This clearly implies 
and Sk(-u) = so that Sriu) = Sriu) for every r. Let us show that, 

for every r, and Tr(-u) only differ by a phase factor. Of course the 

only cases to be addressed are dr > 1. We start with r = 2j — 1. From 
the hypothesis, we infer 

£/('«,) = C/(l,,=,(//3('«)) = 1,,.,(//?)(£/('«)) = F[p])u, , 

and, consequently, 

(7.3.1) U{Hu{u,)) = Hu{U{u,)) = F{p])Hu{u,) . 

Next we take advantage of the identity 

U-V = F[Hl)F(Kl) , 

by evaluating U*S*U on the closed range of H^. We compute 
U*S*UHu = U*S*HuU = U*KuU = U*VKuV*U 

= nHl)F(Kl)K,:F(Kl)F(Hl) = F(Hl)F(KlfK„F(Hl) 
= F(Hl)F(KlfS-F(Hl)H.. , 
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and we conclude, on Ra.n{Hu), 

(7.3.2) U*S*U = F{Hl)F{KlYS*F{Hl) . 

For simplicity, set D := F* 2 j-i and d := d 2 j-i- Recall from Proposition 3 
that a basis of Eu{pj) is 

, a = 0 ,... , 

and a basis of Fu{pj) = Eu{pj) n u-^ is 

, 6 = 0 , . 

For a = 1,..., d 2 j-i, we infer 

U‘S-U , 

or 

u = (S‘y-‘U , a 

This implies, for a = 0,..., d — 1, that the right hand side belongs to 
Fu{pj). On the other hand, if P G C)^;] has degree at most d, one easily 
checks that 

= P{0)K^{u,) + R, Re F^{p^) . 

Notice that the right hand side belongs to Fu{pj) if and only if Ku{uj) e 
Fu{pj) or P(0) = 0. Assume for a while that Ku{uj) does not belong to 
Fu{pj). Then, writing 

u . 

and using that, for a = 0 ,..., d — 1 , 

we infer P(0) = 0, and, by iterating this argument, that P is divisible by 
z'^, in other words. 
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for some c G C, and conclude 



c—Hu{uj) , a = 0,... ,d . 


Comparing to formula (7.3.1) for U{Hu{uj)), we obtain 

cD(z) = F(p])b(z) . 

Since 71(0) = 1 = 71(0), we conclude c = F{pj), D = D, and finally 

d/ 2 ,_i(n)=F(p?)^d/ 2 ,-i(n) . 

We now turn to study the special case Ku{uj) G Fu{pj). This reads 

0 = {Kl- pp)Ku{u,) = Ku{{Hi - p]l)uj - \\ujfu) = -\\u,fK^{u) . 

In other words, this imposes Ku{u) = 0, or u = pT, where T is a Blaschke 
product of degree d. Making V* act on the identity Ku{u) = 0, we 
similarly conclude u = pT, where T is a Blaschke product of degree <7, so 
what we have to check is that T and only differ by a phase factor. In 
this case, S* sends Eu{p) = Ran(77^i) into Fu{p), so that (7.3.2) becomes, 
on Ran(77„), 


u*s*u = s*. 


In other words, the actions of S* on W := span (^, a = 0,... ,d) and on 
W := span ( a = 0,..., <7 j are conjugated. Writing 


D{z) = JJ(1 -p^) 


p£V 


where P is a finite subset of D \ {0}, and rup are positive integers, and 
using the elementary identities 



one easily checks that the eigenvalues of S* on W are precisely the p’s, 
for p G P, and 0, with the corresponding algebraic multiplicities rUp and 



pGV 


We conclude that D = D, whence the claim. 
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Next, we study the case r = 2k. Then 

V(ui) = F(al)ui , V'(A'„(«;)) = F(al)Kdui) . 

Denote by the orthogonal projector onto Ran(P„), and compute 
V*P^SVK^ = V*P^SK^V = V*{H^-{u\.)P^{l))V 
= V*U{Hu-{U\u)\.)U*{Pu{X)))WV 
= F{Kl)F{Hl){H^ - {F{Hl)u\ . )F{HI)P^{1))F{HI)F{KI) 

= F{Kl)F{Hl)\H^-{u\.)P^{l))J'{Kl) 

= F{Kl)F{HlfP^SK^F{Kl) = F{Kl)F{HlfP^SF{Kl)K^ , 
so that, on Ran(i^.u), 

(7.3.3) V*PuSV = F{Kl)F{HlfP^SF{Kl) . 

For simplicity again, set D := D 2 k and d := d 2 k- Recall from proposition 
3 that a basis of Fu{ak) is 



and a basis of Eu{crk) = Fu{ak) fl u-^ is 

) a = 1,..., d 

Applying identity (7.3.3) to for a = 0,..., d — 1, we infer 

r (^«;) = j , a = 0,..., d . 

In particular, the right hand side belongs to Eu{ak) for a = 1, ..., d. On 
the other hand, if Q G C)^;] has degree at most d, 

PuS = ^P^SKuiu'k) + R, Re Eu{ak) , 

where is the coefficient of in Q. Therefore the left hand side 

belongs to Eu{ak) if and only if 

0 = ^{Hi-all)PuSK^iui) 

= wlWuXP.il), 
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which is impossible. We conclude that 7 = 0, which means that the 
degree of Q is at most d — 1. Iterating this argument, we infer 

for some c G C, and hnally 

/ a \ a 

Comparing to the above formula for we obtain 

cD = F(,al)D , 

thus, since £*(0) = 1 = £*(0), we have D = D, c = F{al), and finally 
'^2k{u) = F{aiy^2k{u) . 

Assume that (2) holds. Define F : T^niu) U T^xiu) by 

7 -,/ 2\ ■ '^2j — l 2\ i 

F{p]) = e * 2 ; F{al) = e* 2 , 

and, if necessary, we define F{0) to be any complex number of modulus 
1. Next we define U on the closed range of Hu, which is the closed 
orthogonal sum of Eu{sr). Thus we just have to define 

U ■ Eu^Sj-) y Fui^Sj-)- 


If r = 2j — 1, we set 


(7.3.4) U 


■y'-*' \ y 

^ / X \ —/ 2^ ^ 


D2j-1 


1 ^^Pj) 1 ® 0 ; ■ ■ ■ 5 d2j — \ 


^'D2,., 


If r = 2k and d 2 k > 1, we set 

(7.3.5) U = F{al)^u'^ , 5 = 1,..., dafc • 

\ ‘2ik J 2/c 

Using (7.3.4) we obtain 

Uiu,) = -V{^2 ,-x{u)Hu{u,)) = -F{p^^^2,-i{u)Hu{u,) 


Pi 


pj 


= —F{p‘^j)^2j-i{u)Hu{uj) = F{p])uj . 
Pj 
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Consequently, we get 

u(,u) = Y. = E ■ 

j 3 

A similar argument combined to Proposition 3 leads to 


UH^ = H^U. 


Next, we prove that U is unitary. It is enough to prove that every map 
U : Eu{sr) —)■ Eu{sr) is unitary, or that the Gram matrix of a basis 
of Eu{sr) is equal to the Gram matrix of its image. We hrst deal with 
r = 2j — 1. Equivalently, we prove that, for a, 6 = 0,..., d 2 j-i — 1, 


We set 


-H„ 




D2j-l 


Hu{uj) I — 


D2j-1 


-Hr, 




1 75— 

^2j-l 


Ca—b ■ 


— Hu(uj)\— Huiuj) J , a, 6 

iV2j_i ^2j-l 


and we notice that C-fc = Cfc i ^ = ~d 2 j-i, ■ ■ 
subscript 2j — 1 for simplicity and we set 


0 ,..., d2j-i — 1 , 

, d 2 j-i ■ We drop the 


Ei^z^ — 1 -\- (i\Z A ■ ■ ■ A O'dz'^■ 

As ^Hu{uj) is orthogonal to ^Hu{uj) for a = — 1, and 

\\Hu{uj)\\‘^ = we obtain the system 

17 3 6i / o,iCd-b-i + • • • + cidC-b = 0, 6 = 0, 1, 

1 Co + fllC-l + • • • + CldC-d = p'j'Tj ■ 


Lemma 22. — Let oi,... he complex numbers such that the polyno¬ 
mial z^^ aiz‘^~^ H— - + 0 ^ has all its roots in D. Then the system (7.3.6) 

has at most one solution (k, k = —d... ,d with Cfc = C-fc- 


Assume for a while that this lemma is proved. Since r? can be ex¬ 
pressed in terms of the (sr)’s — see (3.2.5), we infer that U : Eu{pj) —t 
Eu{pj) is unitary. Similarly, one proves that the Gram matrix of the 
basis 

Z^ 

-p- a 0 ,..., d 2 k 
U>2k 

of Eu{(Tk) only depends on the (sr)’s and on D 2 k- In particular, 

U : Eu{o'k) —t Eu{ak) 
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is unitary and finally is unitary from the closed range of onto the 
closed range of Hu. 

Next, we construct V on the closed range of Hu which is the orthogonal 
sum of the F„(cr) for a G U T,k. Thus we just have to dehne V : 
Fu{a) Eu{a) for cr G U T,k- 

If r = 2j — 1, we set 

( 7 . 3 . 7 ) v(-^Hu{uA =F{p])-^Hu{u,) , a = 1,..., ^ 2,-1 • 
\ir = 2k and d 2 k > 1, we set 

(7.3.8) V , b = 0,...,d2k . 

\ 2/c / ‘2ik 

Similarly, if 0 G we dehne V{uq) = F{0)uq. Using (7.3.8) we get 
V{u'f.) = F{al)u'j^. Consequently, 

v'(«) = rK) + ^v'(«a = F(A-?)i. 

k 

A similar argument combined with Proposition 3 leads to 

VKu = KuV. 

Using again Lemma 22, V is unitary from the closed range of Hu onto 
the closed range of H^. 

Now we dehne U and V on the kernel of Hu which is either {0} or 
an inhnite dimensional separable Hilbert space. From Corollary 3, the 
cancellation of ker Hu only depends on the s^’s. Therefore, kerif^j and 
ker Hu are isometric. We then dehne U = V from ker Hu onto ker Hu to 
be any unitary operator. 

It remains to prove that U*V = F{H^)F{K^). On keri7„, it is trivial 
since U*V = I = F{0)F{0). Similarly, it is trivial on vectors 


D2k 


^k ’ ^ ^7***7 ^ 2k • 
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It remains to prove the equality for Mq, u'j^. We write 

U‘V{<) = F(al)u-{a',)^F(al)u-(4Y,^^] 

j Pj~ 


A similar arguments holds for U*V{u'q). 


It remains to prove Lemma 22. It is sufficient to prove that the only 
solution of the homogeneous system 


r Cd-b + fllCd-6-l + • • • + 0,dC-b — 0, 6 — 0, 1, 

1 Co + ®lC-l + • • • + 0>dC-d = 0 , 


with Qj. = C-k ,k = 0,... ,d, is the trivial solution C = 0. 

We proceed by induction on d. For d = 1, the system reads 

r Cl + ®iCo = 0 , , 

1 Co + oiCi = 0 • 

Since |ai| < 1, this trivially implies Co = Ci = 0- 


For a general d, we plug the expression 

Cd = — (OlCd-l + ■ • • + OdCo) 


into the last equation. We get 


(7.3.10) Co + ^iCi + ■ ■ ■ + bd-iCd-i — 0 


with 


h 


(Ik OidOid—k 

1 - |adP 


,k 




Notice that from Proposition 2, \ad\ < 1 and the polynomial z'^~^ + 
hiz^~‘^ + ■ ■ • + hd-\ has all its roots in D. For 6 = — l,we multiply 

by ttd the conjugate of equation 


Cb + fllCft-l + • • • + a-dCb-d — 0 

and substract the result from equation 

Cd-b + 0,lCd-b-l + ■ • • + CldC-b = 0 . 
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This yields 

Cd-b + biCd-b-1 + ■ ■ • + hd-lCl-b = 0 . 

Together with Equation (7.3.10), this is exactly the system at order d—1 
with coefficients 6 i,..., hd-i- By induction, we obtain 

Co = Cl = • • • = Cd-l = 0 

and finally = 0. 

This completes the proof. 

□ 
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